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Abstract. We investigate the representation theory of a large class 
of pointed Hopf algebras, extending results of Lusztig and others. We 
classify all simple modules in a suitable category and determine the 
weight multiplicities; we establish a complete reducibility theorem in 
this category. 



Introduction 

The main achievements of the finite-dimensional representation theory of 
finite-dimensional complex semisimple Lie algebras include 

(a) the parametrization of the simple finite-dimensional representations 
by their highest weights, 

(b) the complete reducibility of any finite-dimensional representation, 

(c) the determination of the weight multiplicities (and consequently, of 
the dimension) of a finite-dimensional highest weight representation. 

These classical results of E. Cartan - part (a) 1913, and of H. Weyl - parts 
(b), (c) 1926, were generalized in many directions. They hold for Kac-Moody 
algebras, with symmetrizable generalized Cartan matrices, in the context of 
integrable modules from the category O instead of finite- dimensional ones, 
as shown by V. Kac in 1974; see [K]. 

Drinfeld and Jimbo introduced two quantum versions of the universal en- 
veloping algebras of a finite-dimensional simple Lie algebra g, the formal 
deformation [/^(fl) [Drl] and the g-analogue Uq{g) [Ji]. The representa- 
tion theory of the g-analogue Uq{Q) was worked out in [LI], where highest 
weight modules were introduced and parts (a) and (c) above were estab- 
lished. Drinfe'ld observed in [Dr3] that, since Ufi{g) and C^(0)[[?i]] are iso- 
morphic algebras by the Whitehead Lemma, their representation theories 
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are equivalent. He also introduced a quantum Casimir operator to deal with 
complete reduciblity. Later, the representation theory of the g-analogue 
Uqid), where g is a symmetrizable Kac-Moody algebra, was developed in 
[L2], where analogues of the highest weight modules from [K] were intro- 
duced and a complete reducibility theorem was proved [L2, 6.2.2] using a 
quantum version of the Casimir operator. 

Multiparameter quantized enveloping algebras also have been defined as 
formal deformations and as g-analogues, see [Re] and [OY] respectively. In 
the context of formal deformations, this is just a twist in the sense of Drin- 
feld of Uriis), hence their representation theories are equivalent; see also [LS]. 
Besides [OY] , multiparameter g-analogues of enveloping algebras were con- 
sidered in many papers, where the number of parameters and the group of 
group-likes is varied; consult [AE]. In the last few years, there was a revival 
of this question and the representation theories of 2-parameter deformations 
were studied; see [BWl, BW2, BGHl, BGH2], and [HPR] for more general 
cases and references therein. 

In [ASS] a family of pointed Hopf algebras was introduced having a Car- 
tan matrix of finite type as one of the inputs. This family contains the 
(/-analogues Uq{Q) and their multiparametric variants; in fact, they are close 
to them but one parameter of deformation for each connected component 
and more general linking relations are allowed. Indeed, the family con- 
tains also the parabolic Hopf subalgebras of the f7q(g)'s and eventually, any 
pointed Hopf algebra with generic braiding and finitely generated abelian 
group of group-likes which is a domain of finite Gelfand-Kirillov dimension 
belongs to it [AA, AS3]. The goal of the present paper is to study the repre- 
sentation theory of these Hopf algebras and of their natural generalizations 
with arbitrary symmetrizable Cartan matrices. Let us summarize our main 
results. 

In Sections 1 and 2 we first consider very general pointed Hopf alge- 
bras U{'D^ A) (see Definition 1.9) defined for a general YD-datum T) over 
an arbitray abelian group T and a linking parameter A. A YD-datum is a 
realization of a diagonal braiding, without further restrictions. We prove 
a general structure result. Theorem 2.1, analogous to the classical Levi 
decomposition for Lie algebras. 

We focus in Section 5 on a special class of linking parameters, the per- 
fect linkings. Following [RS2], we introduce the notions of reduced data X'red 
and their linking parameters I. The Hopf algebras hl{'D, A) with perfect link- 
ing admit an alternative presentation in terms of reduced data: hl{'D, A) ~ 
U{T>redA)'-, this stresses the similarity with Uq^Q). Indeed, U = U{T>redA) 
(see Definition 3.3) has generators similar to those of Uq{Q) (except for the 
group r of group-likes that is more general) and by Theorem 3.7 it is a quo- 
tient of a Drinfeld double. From this description we derive a basic bilinear 
form ( , ) : U~ x — > k. Once the existence of the form is shown, our 
approach to establish its main properties is close to previous work in the 



COMPLETE REDUCIBILITY THEOREMS 



3 



literature, specially [L2]. We end this section with a discussion of data of 
Cartan type [AS3]. 

In Section 4, we study the representation theory of U = lA{T>red-,(-) with 
T^red generic (see Definition 1.4), regular (see Definition 3.18), and of Cartan 
type (see Definition 3.17). 

The Hopf algebra U = U^;, in Lusztig's book [L2], where the root datum is 
X-regular, is a special case of our U above. The 2-parameter deformations 
mentioned above and the (generic) multiparameter deformations we have 
seen in the literature are all special cases of the Hopf algebra U in this 
Section. 

We extend the results of Chapters 3, 4 and 6 in [L2] to our more general 
context following the strategy of [L2]. Similarly to [L2], we consider the 
category C of U-modules with weight decomposition (with respect to the 
action of F), the full subcategory C^^ (see Subsection 4.1), and the class 
of integrable modules in C (see Subsection 4.2). However, Lusztig only 
considers representations of \Jl with weights of the form x\i where A G X, 
and x\{Kfj) = v"^^'^-^ for all fi ^Y, where the free abelian groups X,Y of 
finite rank are part of the given root datum in [L2]. The weights xa ("of 
type one") do not make sense in our general context. Thus our category C 
for XJl, where arbitrary elements in T are allowed as weights, is larger than 
Lusztig's category C defined in [L2, 3.4.1]. 

Let L"*" be the set of all dominant characters x ^ T for T>red introduced 
in [RS2]. We define Verma modules M(x) for all x € F and Weyl modules 
L(x) for all x & F+. To define a version of the quantum Casimir operator of 
[L2, 6.11] we have to define a suitable scalar valued function on F in Lemma 
4.10 extending the integer valued function on X in [L2, Lemma 6.1.5] in 
the special case considered by Lusztig. It turns out that this is not always 
possible. But such a function exists if the Dynkin diagram of the generalized 
Cartan matrix of V^ed is connected. We then reduce the later results to the 
connected case. 

We call an algebra A reductive if all finite-dimensional left A-modules 
are semisimple. If 5 C ^ is a subalgebra, we say that A is i?-reductive 
if all finite-dimensional left ^-modules which are semisimple over B are 
semisimple. We prove: 

(a) By Corollary 4.16 

f+ {[L] I L e C^\L integrable and simple}, x ^ [L{x)], 

is bijective. Here, [L] denotes the isomorphism class of a module L. 
This establishes (a) in the context of integrable modules in C'^*. 

(/3) By Theorem 4.17 any integrable module in C'** is completely re- 
ducible. That is, we prove (b) in this context. This is one of our 
main results extending Lusztig's Theorem [L2, 6.2.2]. In particular, 
U is kF-reductive. 
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(7) Assume that the braiding is twist-equivalent to a braiding of Drinfeld- 
Jimbo type [ASS] (see 3.40). In particular this holds in the case of 
finite Cartan type. Then by Theorem 4.15 the weight multiplicities, 
in particular the dimension, of L(x) with x dominant, are as in the 
classical case. Thus (c) is shown. 

((5) By Theorem 4.21 U is reductive iff the index [F : T^] is finite, where 
is a subgroup of T given by the datum Vred- Hence we have 
determined all Hopf algebras U satisfying (a) and (b) in the context 
of finite-dimensional modules. 

In the case of 2-parameter deformations of finite Cartan type (a) and 
have been shown in [BW2] for type A and in [BGII2] for types B, C and D; 
see also [HPR] for more general cases but under very restrictive assumptions 
on the braiding. 

In Section 5 we extend Theorem 4.21 to the pointed Hopf algebras 
U{'D, A) in the case of finite Cartan type. We show in Theorem 5.3 that 
the linking is perfect if and only if IA{T>,\) is kF-reductive. Our proof of 
this close relationship between reductivity and properties of the linking is 
based on the Levi type decomposition in Theorem 2.1 and recent results on 
PBW-bases in left coideal subalgebras of quantum groups in [Kh] or [HS]. 
Combined with the main results of [AS3, AA], our theory gives in Theorem 
5.4 a characterization of the pointed Hopf algebras U with finite Cartan 
matrix and free abelian group of finite rank F by axiomatic properties. 

The last author thanks I. Heckenberger for very helpful discussions. 

1. Nichols algebras and linking 

We denote the ground field by k, and its multiplicative group of units 
by k^. We assume that k is algebraically closed of characteristic zero. By 
convention, N = {0, 1, . . . }. If ^ is an algebra and g ^ A\s invertible, then 
g> a = gag~^, a £ A, denotes the inner automorphism defined by g. 

We use standard notation for Hopf algebras; the comultiplication is de- 
noted A and the antipode S. For the first, we use the Heyneman-Sweedler 
notation A(x) = (8) 2^(2)- The left adjoint representation of H on itself 
is the algebra map ad : — > End{H), adix{y) = X(i)yiS(2;(2)), x,y £ H; we 
shall write ad for ad;, omitting the subscript / unless strictly needed. There 
is also a right adjoint action given by adr x{y) = 5(x(]^))yx(2). Note that 
both ad; and ad^ are multiplicative. 

1.1. Yetter-Drinfeld modules and Nichols algebras. 

For a full account of these structures, the reader is referred to [ASl]. Let 
H he a Hopf algebra with bijective antipode. A Yetter-Drinfeld module 
over H is a left iZ-module and a left -ff-comodule with comodule structure 
denoted hy 6 : V ^ H iSi V,v 1-^ ^(-i) ^(0)) such that 

S{hv) = /i(i)W(_i)5(/i(3)) (g) /l(2)^^(o) 
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for all u € /i S H. Let ^yT^ be the category of Yetter-Drinfeld modules 
over H with if-linear and ff-colinear maps as morphisms. 

The category is monoidal and braided. If V, € then V(^W 

is the tensor product over k with the diagonal action and coaction of H and 
braiding 

cv,w '-V ®W (^V, V ®w ^ "^(-i) ■ ^ ® ^(0) 

for all f G tf; G W . This allows us to consider Hopf algebras in ^yT>. If R 
is a Hopf algebra in the braided category ^yD, then the space of primitive 
elements P{R) = {x € i? | A(x) = x(X'l + l(8)x}isa Yetter-Drinfeld 
submodule of R. 

For V € §yV the tensor algebra T{V) = en>or"(l^) is an N-graded 
algebra and coalgebra in the braided category where the elements of 

V = T{V){1) are primitive. It is a Hopf algebra in since T{V){0) = k. 
We now recall the definition of the fundamental example of a Hopf algebra 

in a category of Yetter-Drinfeld modules. 

Definition 1.1. Let V G §yi) and I(y) C T{V) the largest N-graded ideal 
and coideal / C T{V) such that InV = 0. We call B{V) = T{V)/I{V) 
the Nichols algebra of V. Then B{V) = ®n>oB'^{y) is an N-graded Hopf 
algebra in ^yV. 

Lemma 1.2. The Nichols algebra of an object V G ^yT^ is (up to isomor- 
phism) the unique 'H-graded Hopf algebra R in ^yT> satisfying the following 
properties: 

(1) i?(0) =k, R{1) = V, 

(2) R{1) generates the algebra R, 

(3) P{R) = V. 

If f -.V is a morphism in ^yV, then T{f){I{V)) C I{W), where 

T{f) : T(y) — 7> T{W) is the induced map on the tensor algebras; hence f 
induces a morphism between the corresponding Nichols algebras. 

Proof. [ASl, Proposition 2.2, Corollary 2.3]. □ 

Let r be an abelian group. A Yetter-Drinfeld module over the group 
algebra kF is a F-graded vector space V = (Bg^vVg which is a left F-module 
such that each homogeneous component V^, g' G F, is stable under the action 
of F. The F-grading is equivalently described as a left kF-comodule structure 
(5 : y — )• kF (g) y, f i-> f (-1) (8) V(o) where 5{v) = g ® v \i v \s homogeneous 
of degree G F. Let \^yT> be the category of Yetter-Drinfeld modules over 
kF. For V,W £ ^yV the braiding is given by cv,w{v ^w) = g ■ w <S>v for all 

V eVg, g eT, w £W. 

1.2. Braided Hopf algebras and bosonization. 

Let i? be a Hopf algebra in 1^3^^^. We denote its comultiplication by 
Af{ : R R R, r I— )■ r^^^ r^'^\ The bosonization RifH of is a 
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Hopf algebra defined as follows. As a vector space, R#H = R ^ H; the 
multiplication and comultiplication of RH^H are given by the smash-product 
and smash-coproduct, respectively, that is, for all r,s£R,g,h^H, 

(r 0g){s^h) = r{g(i^ ■ s) (g) g(2)h, 

6{r 0g)= r(i)#(r(2))(_,)5(,) (r('))(o)#<7(2). 

Let TT : A ^ H he a morphism of Hopf algebras. Then 

R = A^°^ = {aeA\{id 07r)A(a) = a 1} 

is the left coideal subalgebra of right coinvariants of vr. There is also a left 
version: = {a e A : (tt (g) id)A(a) = l(g)a}. The subalgebra A™-^ C A 

is stable under the left adjoint action ad; of A, and "^"^A is stable under 
adr.. 

Lemma 1.3. Let ir : A ^ H be a morphism of Hopf algebras, and assume 
that the antipode S of A is bijective. Then 

(1) ==°-f^^. 

(2) Assume that there is a Hopf algebra map i : H ^ A such that 
TTL = id//. Then the map 

K : A"""^ a ^ 52(a(2))5(t^(a(i))), 

is bijective, and for allx,y G A, K{xy) = k(x(2)) ad^ /-7r5(x(i))(K(y)). 

Proof. This is easily checked. The map b i-)- 5^^(6(i))5^-'^(/-7r(6(2))) is inverse 

to K. □ 

Assume the situation of part (2) of Lemma 1.3. Then R = A"^"^ is a 
braided Hopf algebra in ^yD, and the multiplication induces an isomor- 
phism Ri^H — 7> A, r^h I—)- ri{h), of Hopf algebras. 

Conversely any Hopf algebra R in arises in this way from the 

bosonization since vr = e (g) id : Ri^H H is a Hopf algebra map with 
{R#Hy°^ = R(g) 1. The braided adjoint action adc : R End(i?) is 
defined for all x,y G Rhy adcx{y) = adx(y), where ad is the left adjoint 
action of the bosonization R^H, and where we view R R^H, r i-^ 
as inclusion. In particular, if x G P{R), then adcx(y) = xy — • y)a^(o) 

is the braided commutator of x and y. 

1.3. Yetter-Drinfeld data. 

We are interested in finite-dimensional Yetter-Drinfeld modules over an 
abelian group T that are semisimple as F-modules; these are described in 
the following way. 

Definition 1.4. A YD-datum T> = T>(T .,[gi)i<i<Q,{xi)i<i<e) consists of 
an abelian group T, a positive integer 0, gi,...,gg G T, and characters 
Xi,...,xe G f = Hom(r,Ik^). We let I = {1, 2, . . . , and define 

(1.1) Qij = Xj{gi) ior all i,j el. 
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A YD-datum is called generic if for all 1 < i < 0, qa is not a root of unity. 
We define an equivalence relation ~ on I, where for all i, j G I, i 7^ j, 

(1.2) i ^ j <^=^ There are ii, . . . ,it £ I,t > 2 with i = = if, 

QkH+iHi+iH 7^ 1 for all 1 </ < t. 

Let X be the set of equivalence classes of I with respect to ^. 

Remark 1.5. The notions of YD-datum and the equivalence relation (1.2) 
are generalizations of the notions of Cartan datum and the resulting equiv- 
alence relation from [RS2, Definition 3.16]. 

Let V = P(r, {gi)i<i<e, (Xi)i<i<6») be a YD-datum. Let X be a vector 
space with basis xi, . . . ,xg. Then V defines on X a Yetter-Drinfeld module 
structure over kF where for all i € I, 5 G F, 

(1.3) 6{xi) = Qi® Xi, 
(1-4) gxi = Xi{g)xi. 
Then the braiding c = cx,x of X is given by 

c: X®X^X®X, c{xi Xj) = QijXj ® Xi,l < i,j < 6. 

We identify the tensor algebra T{X) with the free algebra lk(xi, . . . ,xq). 

Let 7} be a free abelian group of rank 9 with fixed basis ai, . . . , og, and 
N'' = {a = Yl^i=i I '^ij • • • , JT-e G N}. The homogeneous components of a 
Z^'-graded vector space Z will be denoted by Z^, a € The tensor algebra 
T{X) is an N^'-graded algebra where each xi has degree CKj. 

Lemma 1.6. (1) I{X) is an N^-graded ideal ofT{X), and B{X) is an 
f^^-graded algebra and coalgebra. 
(2) Let i, j G I, i ^ j, and assume Qijqji = q^-^ for some integer Oij with 
< ~Oij < ord{qii) (where 1 < ord(q'jj) < 00/ Then 



(1.5) adcixiy-"'^ (xj) = in B{X). 

Proof. (2) is shown in [ASl, 3.7]. For (1) see for example [AHS, Remark 
2.8]. □ 

We extend the notion of linking parameter given in [AS3] for data of finite 
Cartan type, to the general case treated here. 

Definition 1.7. Vertices i,j € I are called linkable if 

(1.6) i/j, 
(1-7) gigj + 1, 

(1.8) XiXj = 1 (the trivial character). 
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A family A = of elements in k is called a linking parameter for 

V if for all i, j € I, i 9<^ j, 

(1.9) Xij = if i, j are not linkable, 

(1.10) Xij = -QijXji. 



Given a linking parameter A for T>, vertices j € I, i 9^ j, are called linked 
if X^J + 0. 

The next Lemma generalizes [AS2, Lemma 5.6]. We include the proof for 
completeness. 

Lemma 1.8. (1) Let i,j,k,l Gl. 

(a) Ifi,k are linkable, then qjiqjk = 1, and qa = q^^ = qti = q"/} . 

(b) Ifi,k and j,l are linkable, then qijqjiqkiqik = 1- 
(2) Assume that 

(1.11) qijqji ^ ql for all i,j el,i^ j. 

Then any vertex i G I is linkable to at most one A: G I. 

Proof. (1) (a) follows easily from (1.8) since qtkqki = 1 by (1.6). (b) Since 
i,k and j,l are linkable, qij = qJi^^qji = qjk,qkl = qkj^m = q^^ by (1.8). 
Hence 

(1-12) qijqjiqkiQik = {qiiqH)~^{qjkqkj)~^- 

If i ~ / or j A), then i j and k ^ I since by assumption i ^ k and j I. 
Thus the LHS of (1.12) is equal to 1 by (1.2). And if i 9^ / and j k, then 
the RHS of (1.12) is equal to 1 by (1.2). This proves the claim. 
(2) If i G I is linkable to /c G I and to / G I, then qf^qkiqik = 1 by (l)(b), and 
la = Ikk by (l)(a). Hence qkiqik = qlki and A; = ^ by assumption. □ 

For any subset J C I, let Xj = ©jgjkxj G \-yV. Recall the ideal I{V) in 
Definition 1.1. 

Let A be a linking parameter for the YD-datum T). 

Definition 1.9. 

(1.13) U[V,X) = {T{X)#¥r)/I, 
where / C r(X)#kr is the ideal generated by 

(1.14) I{Xj) for all J eX, 

(1.15) XiXj - qijXjXi - Xij{l - giQj) for ah i,j G I,i 7^ j. 

Then lAiV, A) is a Hopf algebra in ^yT> with comultiplication given by 

(1.16) ll{xi)=gi®Xi + Xi(S)l,l<i<e, 

(1.17) ^{g)=g®g, geT. 

By abuse of language we identify x G X and 5 G T with their images in 
U{V,X). 
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Remark 1.10. The ideal I{X) C T{X) is generated by 

(1.18) I{Xj) for all J e X, 

(1.19) XiXj — QijXjXi for all i,j G I, i 9^ j. 

Hence U{V,0) ^ I3iX)#kT. 

Generalizing part of [AS3, Theorem 4.3], Masuoka proved the following 
result. 

Theorem 1.11. [Ma, 5.2] Let X = {Ji, . . . , Jt], t >l, Ji ^ Jj fori 7^ j el. 
For 1 < I < t let Xi = Xj^, and let pi : B{Xi) U{T>,X) be the canonical 
map induced by the inclusion T{Xi) C T{X). Then the linear map 

B{Xi) ® . . . B{Xt) O kr ^ U{V, A), 

ri (g) . . . rt (g) 51 pi{ri) ■ ■ ■ pt{rt)g 

is bijective. □ 

Masuoka even showed that the isomorphism in Theorem 1.11 is a coalge- 
bra isomorphism inducing a Hopf algebra structure on 

iB{Xi) . . . BiXt))i^kr 

which is a 2-cocycle deformation. In fact he only assumes that the B{Xi) 
are pre-Nichols algebras - satisfying (1), (2), in Lemma 1.2 - and uses a 
more general equivalence relation. 

We close this section with a technical lemma that will be used later. 
Lemma 1.12. Let j,ii, . . . ,in € I, n > l,j ii,...,j 9*^ i„. Then in 

XjXi-^ ■ ■ ■ Xi^ = Qi-^j ■ ■ ■ Qi„jXi^ ■ ■ ■ Xi^Xj-{- 
l<u<n 

Proof. If J G I, X € U{T>,X), then XjX = a,d gj{x)xj + adxj(x) by the defi- 
nition of ad; indeed, A(xj) = gj (g xj + xj 1, hence S{xj) = —gJ^Xj. We 
apply this formula with and obtain 

XjXi^ ' ' ' ■'^in — ^iij ' ' ' ^inj'^ii ' ' ' ■^in ~^ adxj(xjj . . . Xjjj). 

Now 

adxj(xii • • -XiJ = adxj(i)(xjj • • • adxj(„)(xi„) 

= ad gj (xj^ )■■■ ad gj (xj_^_ ^ ) ad xj {xi^)xi^_^-^ ■ ■ ■ Xi^ 

l<v<n 

— ' ' ' Qi^-ij^ii ■ ■ ■ (1 — gjgi^ ■ ■ ■ ^in) 

l<v<n 

where we used j 9^ ip in the third equality, and the claim follows. □ 
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2. A LeVI-TYPE theorem for POINTED HOPF ALGEBRAS 

Let P be a YD-datum with linking parameter A. We study the situation 
when unHnked vertices are omitted. Let 

F = {h £l: h is not hnked}; 
L a subset of F; 
I' = I-L; 
X' = Xf, 

V = V{T, {gi)i(zv, {Xi)i&); 

w, the equivalence relation on F defined by the YD-datum D'; 
Kj = h" V.^{ foralH,jGF,.96j. 

Then A' is a linking parameter for 2?', since A is a linking parameter for 
v. The inclusion l : X' ^ X has a section tt : X ^ X' m. p3^P defined by 

Xi Xi, , Xh I— 0, i € F, /i € L. 

Our next Theorem can be viewed as a "quantum version" of the classical 
Levi theorem for Lie algebras, see for instance [D, 1.6.9]. We shall investigate 
the case when L = F in the next section. 

Theorem 2.1. The maps vr and l induce Hopf algebra morphisms 

$ : U{V, A) ^ U{V', A') and ^ : U{V', A') ^ U{V, A) with ^ = id. Then 

K = U{V, Xy°^ is a braided Hopf algebra in ^[^/'^/jj^P and there is an 
isomorphism 

given by multiplication. Furthermore, the algebra K is generated by the set 
S = {ad(a;j^ • • • Xi^){xh) | /i G L, n > 0, v G F, v ~ /i, < < n}. 

Proof. Let U = U{V, A), W = U{V' , A') for brevity. 

Existence of ^ . We have to show that the inclusion l : T{X')j^W ^ 
T[X)^'kT maps the relations of W to the relations of lA. Let J' be an 
equivalence class of ~. Then there is exactly one equivalence class J of ~ 
with J' C J. By Lemma 1.2, i{I{Xj,)) C I{Xj). Let i,j G F,« 96 j. We 
have to show that L{xiXj — qij — X'^j{l — gigj)) is a relation ofU. This is clear 
a i j since X'^j = Xij in this case. If i ~ j then X[j = by definition, and 
the relation = holds in U by (1.5) since qijQji = 1 follows 

from i ^ j. 

Existence of Now we show that the projection vr : T{X)^kT — ?> 
T(X')^kT preserves the relations. Let J be an equivalence class of ~ 
in I, and / G I{Xj) C T{X); we may assume that / is N^'-homogeneous 
by Lemma 1.6 (1). If / does not contain any variable Xh, h ^ L, then 
7r(/) = /. Hence / G I{X') by Lemma 1.2. Thus / G T{Xj) is contained 
in the ideal I{X') of T{X'); but this is generated by elements in I{Xji), J' 
an equivalence class of ~, and elements of the form where 
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i,j G 96 j, and where we can assume that i,j G J. Since X[j = for 
all i, J G I', « 96 J, i ~ j, it follows that / is in the ideal generated by the 
defining relations of W. If / does contain a variable x^, where h L, then 
7r(/) = since ir^Xh) = 0. 

Finally, let i, j G I, i 7^ j. li i G L or j G L, then 

Tr{xiXj - QijXjXi - Xij{l - Qigj)) = 0, 

since Ajj = (because no vertex in L is linked). If i ^ L,j ^ L, then i 96 j, 
and Ajj = A-^. Hence 7r(xjXj - gjjXjXj - Xij{l - giQj)) = XiXj - qijXjXi - 
X'^j{l — giOj) is a relation of W . 

Since <I>^ = id (because this holds on the generators), the multiplication 
map fi : K^U' — > is an isomorphism. Let K be the subalgebra of K 
generated by S. Suppose we have shown that KU' is a subalgebra of U. 
Then KU' = U since KIA' contains the generators 5 G T and Xi,i G I of the 
algebra U. Since ^ is bijective, K = K. 

To prove that KU' is a subalgebra of ZY, we have to show that 

(2.1) XjK C KU' for aU j G l'. 

Then the claim follows easily by induction since the elements Xj^ . . -Xj^g, 
ii) • • • )in ^ ^' ,n > 0, g T, generate W as a vector space, and gK = Kg. 
To prove (2.1) it is enough to show that 

(2.2) Xj ad{xi^ ■ ■ ■ x^J{xh) G KU' 

for all j G F, ii,...,in G I, n > 0, /i G L, . . . , Let x = 

ad(xi^ • • • Xj„)(x/j). By the beginning of the proof of Lemma 1.12, 

XjX — Qiij ' ' ' QinjQhj^^j ~l~ adxj(x), 

and it remains to show that adxj(x) = ad{xjXi^ ■ ■ ■ Xi^){xh) G KU' . This 
is clear by definition of S if If JT^/i, then Xj^ = since h (z L, and 

adxj{xfi) = 0. By Lemma 1.12, 

ad(xjXij • • • XiJ{xh) = ad{qi^j ■ ■ ■ Qi^jXi^ ■ ■ ■ XiJ ad Xj{xh) 

\<v<n 

= ad ^ • • • Qi^^ijXi^ ■ ■ ■ Xi^_-^Xji^ (1 — gjgi^)xi^_^_^ . . . Xj^^ (x/j) 

l<u<n 

is a k-linear combination of elements in S. □ 

Corollary 2.2. In the situation of Theorem 2.1, let U = U{V,X), W = 
U{V',X') and 

M = U/{UU'+ +U{K^f), 

where U^ and K^ are the augmentation ideals with respect to the counit e. 
Then x^M 7^ for any h G L. 
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Proof. By Theorem 2.1, the multipUcation map K ®IA' U is bijective; let 
ip : U ^ K (g) U' he its inverse and 

Note that UR-^ = K+U, since K = and the antipode 5 of is 

bijective. For, is a submodule under ad; and ad^, where adj.(u)(a;) = 
5~^(u(2))a;^i(i), x,u £U; and the formulas 

ux = (ad;(u(i))(x))n(2), xu = ■U(2)(ad^(u(i))(a::)), 

hold for x,u e U. Assume XhM = 0. Then Xh G UU"^ + U{K+Y = 
KU'+ + {K+fW. Since Xh G K, it follows that 

Thus by Theorem 2.1, is the k-span of products with at least two fac- 
tors of the form adxj^ • • • adxj„(x/i), n > 0, ii,...,in € J, where J is 
the connected component containing h. Since the Nichols algebra B{Vj) of 
Vj = (Bi^jtxi can be identified with the subalgebra of U generated by the 
elements Xi,i (z J by Theorem 1.11, the element x^ G l3{Vj) has degree > 2 
which is impossible. □ 

3. Perfect linkings and reduced data 

The goal of this section is to study a class of pointed Hopf algebras that 
resembles the quantized enveloping algebras Uq{Q). 

Definition 3.1. A linking parameter of a YD-datum T> is perfect if and 
only if any vertex is linked. 

By Theorem 2.1 for any linking parameter A the Hopf algebra ^(P, A) has 
a natural quotient Hopf algebra U{T>', A') with perfect linking parameter A'. 
This is the special case where L = F is the set of all non-linked vertices. 

3.1. Reduced data. We begin with an alternative presentation of the Hopf 
algebra U{Ty, A) with perfect linking parameter; this stresses the similarity 
with quantized enveloping algebras. 

Definition 3.2. A reduced YD-datum 

T^red = ^^(r, {Li)l<i<e, {Ki)i<i<0, {Xi)l<i<e) 

consists of an abelian group F, a positive integer ^, and elements Ki,Li G 
T,Xi G F for all 1 < i < 9 satisfying 

(3.1) XjiKi) = XiiLj) for all 1 < i,j < 9, 

(3.2) KiLi / 1 for all 1 < i < 9. 

A reduced YD-datum T>red is called generic if for all 1 < i < ^, Xii^i) is 
not a root of unity. A linking parameter i for a reduced YD-datum V^ed is 
a family £ = {ii)i<i<e of non-zero elements in k. 
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Definition 3.3. Let Vred = '^(r,{Li)i<i<0^iKi)i<i<9,iXi)i<i<e) be a re- 
duced YD-datum with linking parameter I = {ii)i<i<0. Let 

(3.3) V = ®i=ikvi G ^yV with basis G V^;, 1 < i < d, 

(3.4) W = ef^ikwj G ^yV with basis Wi G W^l \l<i<9. 

Then we define U{'Dj.^d^^) as the quotient Hopf algebra of the biproduct 
T{V e H^)#kr modulo the ideal generated by 

(3.5) I{V), 

(3.6) I{W), 

(3.7) ViWj - x]^{Ki)wjVi - 5ijli{KiLi - 1) for all 1 <i,j <9. 

To a reduced YD-datum "Dred with linking parameter i we associate a 
YD-datum I'^gj^ and a linking parameter £ for P^ed by 

(3.8) Vred = I^(r, {gi)i<i<2e, {Xi)i<i<2e), where 

(3.9) (ffi,---,ff2e) = {Li,...,Le,Ki,...,Kg), 

(3.10) (xi,...,X2e) = (x^^ • • • 'Xe \xi, • • • 

(3.11) = for all l<i,j<e, 

(3.12) 4z = for a\ll<k,l<2e,k^l,k> I. 

Here f« denotes the equivalence relation of Vj-ed- Note that by (1-10) it 
suffices to define a linking parameter (iki) for all k > I. Let = Xi(9k) for 
all 1 < A;, / < 20, and qij = XjiKi) for all I < i,j < 9. Then it follows from 
(3.1) that for ah l<i,j <9, 

QijQji — (.QijQji) 1 

Qe+ifi+jls+jfi+i — QijQji' 
Qi,e+jqe+j,i = 1. 

In particular, i 96 9 + j for all 1 < i,j < 9. Since KiLi 7^ 1 by (3.2), it 
follows that £ is a linking parameter for Vred ■ 

Lemma 3.4. Let Vred = T^O^, {Li)i<i<e, {Ki)i<i<e, {Xi)i<i<e) be a reduced 
YD-datum with linking parameter i. Then 

U{VredA)=U{VZdJ). 

Proof. This follows from the defining relations using Remark 1.10. □ 

Lemma 3.5. Let V = I^(r, {gi)i<i<0, {Xi)i<i<9) be a YD-datum satisfying 
(1.11), and let A be a perfect linking parameter for V . Then there is a reduced 
YD-datum Vred o.nd a linking parameter I for Vred such that 

U{V,X)^U(Vred,i) 

as Hopf algebras. 



14 ANDRUSKIEWITSCH, RADFORD AND SCHNEIDER 

Proof. Hi £l then by Lemma 1.8 (2) there exists a unique £l such that i 
and are hnked. Thus I ^ I, i i-^ i^, is an involution on the set of vertices. 
By Lemma 1.8 (l)(b), qijqjiqiOjoqjo^o = 1 for all i,j G I. Hence 

j^.f = {f I j e J}, 

is an involution on the set of equivalence classes, and J H = for all 
J £ X since i ^ for all i G I. Therefore after renumbering the indices we 
may assume that I = I~Ul+, where I" = {1, . . . ,6*1}, 1+ = {6*1 + 1, . . . ,26*1}, 
6 = 29i, and = 9i + i for all i G I~. Moreover there are subsets X~ , X'^ C 
X, A'+ = { J° I J G ;f-} such that 

r= y J, I+= J J. 

Then for all 1 < i < 0i, Xi = Xe^+jj and iei+i,j 7^ since i,6i +i are linked. 
Define P^edlr, (-i^i)i<ei , (^j)i<i<0i . (^i)i<i<9) and £ = {£i)i<i<e^ by 
(gi, ■ ■ ■ ,9281) = (Li, . . . , Lq^.Ki, . . . , Kg^), 

(xi,---,X29i) = {vi^,...,Vg,^,r]i,---,Vei), 
= -Aei+i,i, 1 < i < 6*1. 

Then the lemma follows from Lemma 3.4 since T) = Vred, ^ = A. □ 

3.2. The Hopf algebra U{Vred^ ^) as a quotient of a Drinfeld double. 

For the rest of this section we fix a reduced YD-datum 

T^red = ^'(r, (Lj)i<j<e, {Ki)i<i<0, {xi)i<i<e) 

with linking parameter i = {ii)i<i<e, and denote U = U{Vred,£)- We shall 
describe U quotient of a Drinfeld double. 

The images of Vi and Wi in U will again be denoted by Vi and Wi. Let 

(3.13) Ei = Vi, Fi = WiL'^ in U, 1 < i < 6*, 

and let U~ (resp. U+) be the subalgebra of U generated by Fi,...,Fg 
(resp. El, ... , Eg). Then 

(3.14) gEig-^ = Xi{g)E,, 

(3.15) gFig-^ = x-H9)Ei, 

(3.16) EiFi - FiE, = 6^/i{Ki - L"^), 

(3.17) A{Ei) = Ki®Ei + Ei0l, 

(3.18) A{Fi) = 1 ® Fi + Fi ^ L-^ 
in U, for ail 1 < i < 9, g e F. 

Remark 3.6. The Hopf algebra U{T?red, ^) does not depend on the choice of 
the non-zero scalars ii. By rescaling the variables Vi we could assume that 
ii = 1 for all i. By the same reason we could assume that the only values 
Xij of a linking parameter for a YD-datum V are or 1. 
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Since S{Fi) = -FiLi = -Wi in ^(W')#lkr for all 1 < i < 6*, the rela- 
tions of the elements Wi in U{T>red,^) may be equivalently expressed by the 
following relations in the Fi. If / is an element of the free algebra in the 
variables xi,...,xe, and the relation f{wi, . . . ,we) = holds in U{T>redA)-, 
then f{Fi, . . . , Fq) = 0, where 

Ik(xi, . . . ,3:0) ^- k(xi, . . . / 1-^ /, 

is the vector space isomorphism mapping a monomial Xi^ - ■ ■ Xi^ onto 

( — 1) Xi^ ■ ■ ■ XjjXjj^ . 

Let A be the free abelian group with basis zi, . . . ,zg, and define characters 
rfj G A by r/j(zj) = 1 < < ^- Then W is Yetter-Drinfeld module 

in \yT> with Wi G Wz- , 1 < i < 9, and W has the same braiding as an object 
in ^yV or in ^yV. Hence B{W) is a Hopf algebra in ^yV and ^yV. Let 
^ = ^{V)#k[T] and C/ = '3{W)#k[A]. 

Generally for Hopf algebras A and U a linear map r: J/^A— >lkisa 
skew-pairing [DT, Definition 1.3] if 

(3.19) T('U,aa') = t{u(2), a)r{u(^i), a'), 

(3.20) r('U'u', a) = r(n, a(i))r(n', 0(2)), 

(3.21) t(1, a) = e(a), t('u, 1) = e{u), 

for all u,u' € U and a, o' € A. 

A skew-pairing r defines a 2-cocycle o" : (L'^ ® A) ® ([/ yl) — )■ /c by 

(3.22) a{u (g) a, -u' ® a') = £{u)t{u', o)e(a') 

for all u' € C/, a, a' S ^. Let (J7 (8) A)„ be the 2-cocycle twist of the tensor 
product Hopf algebra U ® A. Thus {U <Si A)(j coincides with U ® A as a 
coalgebra with componentwise comultiplication and its algebra structure is 
defined by 

(3.23) {u0a){u'(E)a') = fT(/i(i), /i'(i))/i(2)/i'(2)0-"^(/i(3), /i'(3)) 

= nT(u(i) , 0(1) )n'(2)®a(2)r"^ (u'(3) , a(3))a' 

for all u, u' G U, a, a' € A. Note that 

T~^{u, a) = t{S{u), a) = t{u, S~^{a)) 

for all u £ U, a £ A. 

Part (1) of the next result is a special case of [RSI, Theorem 8.3, Corollary 
9.1], part (2) is shown in [RS2, Theorem 4.4] for data of (finite) Cartan type, 
and in general by similar methods in [Ma, Theorem 5.3]. Let A, U be the 
bosonizations defined above. 

Theorem 3.7. (1) There is a unique skew-pairing t : U A k with 

r{zi,g) = xT'^ia), T{zi,Vj) = 0, 

T{wi,g) = 0, T{wi,Vj) = -Sijii 
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for all 1 < i, j < 9 and g (zT. 

(2) Let a be the 2-cocycle corresponding to r by (3.22). Then there is an 
isomorphism of Hopf algebras 

U ^ ([/ A)^/{zi - 1 1 I 1 < i < 6*), 

mapping Wi,l < i < 6, and Vj,l < j < 6, respectively g £T onto the residue 
classes of Wi 1,1 ® Vj, respectively 1 (8> (7. □ 

The following decomposition result is a special case of [Ma, Theorem 5.2]. 
By definition of U there are algebra maps pv '■ 13{V) U, pw ■ B{W) U 
and /9r : ^- U, given by pvivi) = Vi, pwi^i) = Wi, pr{g) = g, for ah 
I < i < 6,g gT. Clearly, the image of pv coincides with U"'"- but the image 
of Pw is not U~. 

Corollary 3.8. (1) The multiplication map 

B{V) (g) B(W) (8)lkr^U, v®w®g^ pv{v)pw{w)PT{g), 

is a coalgebra isomorphism. 

(2) The multiplication map U~ C5 A;[r] — > U is an isomorphism of 
vector spaces. 

Proof. (1) follows from Theorem 1.11 and Lemma 3.5. We prove (2). By (1) 
we may identify B{V),B{W) and kF with subalgebras of U. We first claim 
that the multiplication map kF (8> B{W) U defines an isomorphism 

kr ® B{W) ^ krB{W) = B{W)kr. 

The multiplication map defines an isomorphism B{W) Cg) kF = jB(P^)kF by 
(1). Since gwi = x~^{9)wig for a\\l <i<9,gGT, BiW) has a vector 
space basis {wh)beB such that gwb = Xb{g)wbg for sllb G B,g G F, where 
the Xb are characters of F. Hence also kF ® B{W) ^ U is injective, and the 
claim follows. Then it follows from (1) that the multiplication map 

(3.24) B{V)®M: ®B{W) 

is bijective. By (1), B{V) = U+, and ^(y)#kF ^ U+kF is a Hopf subal- 
gebra of U. Also, S{Fi) = -Wi for all 1 < i < 0, and S{\]~) = B{W). By 
(3.24) the composition 

U+ ® kF (g) ^ U+kF (g) U+kF ® BiW) ^ U, 

mapping x ® g ®y onto S{yxg) for all x £ U+, G F,y G U~ is bijective. 
Thus multiplication defines an isomorphism U~ Cg) U+ (g) kF U. □ 

3.3. A bilinear form. 

We will now see that the form t : U ® A ^ k. defines in a natural way a 
form ( , ) : U~ iX" U+ — )■ k. This is the form we will use later on. It plays 
the same role as Lusztig's form ( , ) : f®f Qiv). 
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Let TTr : *B(y)#/c[r] — )• k[T] be the projection defined by 7rr(x(8)g) = £{x)g 
for X G S(T/), 5 G r. Clearly, = A™^r. Let tta : '3{W)#k[A] k[A] 

be the analogous projection of U to k[A]. We have 

see Subsection 1.2; thus ^°'^^U is generated as an algebra by the elements 
wiz^^, . . . ,W0Zg^ since S{wi) = —z^^Wi = —quWiZ'^ for all 1 < z < 0. 

Corollary 3.9. (1) The Hopf algebra map ip'^ : B{V)^'kT — )■ U given by 

= Ei, ^+(g) =g, l<i<e, ger, 
is injective. In particular, 

i+ : U+ ^ A™'^^ = Ui, l<i<e 

is a well-defined algebra isomorphism. 

(2) The Hopf algebra map : B{W)i^hA —?■ U given by 

ip~ (wi) = FiLi, ip~{zi) = Li, l<i<9, 
induces a bijection between the subalgebras '^°'^^U and U~. In particular, 
i" : U~ ^ r{F,) = Wizr^, l<i<e, 

is a well-defined algebra isomorphism. 

(3) Let K be the bijective map of Lemma 1.3 with respect to the projection 
TT = 7r\ : B(W)i^kA — > kA. Then (p~K defines a bijective linear map 

n 

K : B{W) ^ U-, k{w,, ■ ■ ■ w,:) = n Q^,^^ n ^rj^^n 

1=1 k>l 

for all 1 < ii, . . . ,in < 9,11 > 1. 

Proof. (1) follows from Corollary 3.8 (1). 

(2) The Hopf algebra map (p~ is the composition of the Hopf algebra maps 
B{W)#kA B{W)#kT, Wi ^ Wi, Zi ^ Li, I < i < 9 and B{W)#kT 
U, Wi I—)- Wi = FiLi, g^g, l<i<9,g^T. The restriction of ip~ 
is an isomorphism from !B(VF) to the subalgebra k{wi, . . . ,we) of U, by 
(1). Hence ip~ induces an isomorphism between S{^{W)) = ^°'"'^U and 
5(k(iyi, . . . ,wq)) = U~. Its inverse is 

(3) follows from (2) and the formula for k in Lemma 1.3. □ 

Definition 3.10. The k-bilinear form ( , ) : U~ (g) U+ — )• k is defined by 
(x, y) = T{i"{x), i'^{y)) for all x G U~, y G U+. 

If a = Tiiai G l}, ni, . . . ,ne G Z, we let \a\ = Yl^i=i "^i^ ^'^d 

(3.25) Xc. = xT---xl\ K^ = K^'---K^\ = L^^ • • • L^". 

The Hopf algebras U = *B(VF)#fe[A] and A = ^{V)#k[r] are N^'-graded 
as algebras and coalgebras where the elements Vi have degree CKj and the 
elements Wi have degree — for all 1 < i < ^, and the elements of the 
groups A and T have degree 0. Hence the algebras U^,U^ are N^-graded 
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by Corollary 3.9, where the degree of Ei is and the degree of Fi is — 
for al\l<i<e. 

We collect some important properties of the forms r and ( , ). 

Theorem 3.11. (1) T{uz,ag) = T{u,a)T{z,g), for all u G ^°'^!^U , a G 
^coTrr ^ 2 e A,g G r. 

(2) For all a, /? G N^, a / ^, r(f/_c,, A^j) = 0. 

(3) For all a G N'', the restriction of t to ^{W)^a x ^{V)a is non- 
degenerate. 

(4) For alla,P e'N\a^ P, (U-_a, U+/3) = 0. 

(5) For all a G N", the restriction of the form ( , ) to Ul^, x is 
non-degenerate. 

(6) For all l<i,j <9, {Fi, Ej) = -6ijii. 

Proof. (1) The proof follows from the claims 

(a) T{z,a) = r(z,7rr(a)), 

(b) T{u,g) = T{TTA{u),g) 

for all z G A, a G ^, u G [/, 5 G r. For, suppose (a) and (b) hold and 
u, a, z, g satisfy the hypothesis of (1). Then using Theorem 3.7 we calculate 

T{uz,ag) = r('u,a(i)5r)r(z,a(2)5) 

= ^(^(s), a(i))r(n(i), c/)t(z, a^2))-r{z,g) 

= T('U(2),a{i))T(7rA(u(i)),5r)r(z,7rr(a(2)))r(2;,5r) 

= T{u,a)T{z,g). 

We prove (a). Since z G G{U), the map r(z, — ) : A k is an algebra 
map by part (1) of Theorem 3.7. Since KiViK^^ = quVi and qu 7^ 1 for all 
1 < i < 9 it follows that any algebra map from A to k vanishes on each 
Vi. Thus T{z,a) = T(z,7rr(a)) for all a € A. The second claim (b) follows 
similarly using T{—,g) in place of r(z, — ). 

(2) follows from Theorem 3.7 (1) and the fact that the comultiplications 
of U and A are Z^'-graded. 

(3) Since all the ii are non-zero, the form r restricts to a non-degenerate 
pairing between B{W) and B{V) (see [RSI] or [RS2, Remark 3.3]). Hence 
the claim in (3) follows from (2). 

(4) and (5) follow from (2) and (3) using (1), since U = ^°'"^Uh. 

(6) follows from Theorem 3.7 (1). □ 

3.4. Further properties of the bilinear form. 

We now discuss some further properties of the bilinear form following 
[L2, Chapters 3 and 4]; in particular, we study a universal element in some 
completion of U. In the case of reduced data of Cartan type, it will give 
rise to Casimir elements, up to some suitable modification. 

In [L2, 1.2.13] Lusztig introduces two skew-derivations and ^r. We 
need four such maps. The comultiplication of U defines skew-derivations 
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ri,r^ : \J~^ — > U"^ and Si,s'^ : U~ for all 1 < z < ^ in the following 

way. 

Since A{Ei) = Ki Ei + Ei ^ I, for all 1 < i < 6*, it follows that for all 
a € N'' and y € U^, A{y) has the form 



(3.26) A(?/) = y (g) 1 + ri(y)Ki ® Ei+ terms of other degrees, 

i=l 

e 

(3.27) A(y) = Ka ®y + EiKa-Oi ® f'iiy) + terms of other degrees, 

1=1 

where ri{y),r'-{y) are uniquely determined elements in U^_q. . Degree refers 
to the standard Z^'-grading in the tensor product. Then for all y,y' € U"*" 
and 1 < i < 0, 

(3.28) ri{yy') = yri{y') + ri{y){Ki> y'), 

(3.29) r[{yy') = (L, t> y)r[{y') + r[{y)y' . 

This follows from A{yy') = A(y)A(?/') by comparing coefficients. Note 
that ri{Ej) = 5ij, r'-j{Ej) = 6ij for all I < i,j < 6- 

In the same way it follows from A(Fj) = IC^Fj + Fj(g>L~"^ for all 1 < i < 6* 
that for ah a € N'' and x G Ul„, 



(3.30) A(x) = X (8) + ^ Si{x) (g) FiL~^^^ + terms of other degrees, 

i=l 

e 

(3.31) A{x) = l<S)x + Y^ Fi (g) s'^{x)L- ^ + terms of other degrees, 



i=l 



where Sj(x), s'^{x) € '^^a+Oi uniquely determined elements. Then for all 
1 < i,j < 0, Si{Fj) = 5ij, s[j{Fj) = 5ij, and for all x,x' G U~ and 1 <i <9, 

(3.32) Si{xx') = {Kr^ t> x)si{x') + Si{x)x', 

(3.33) s-(xx') = xs'iix') + s-(x)(L-^ > x'). 

The next Propositions 3.12, 3.13 extend [L2, 3.1.6]. 
Proposition 3.12. For all x G U~,y € U"^ and 1 < i < 6*, 

(1) yFi - Fiy = ii{ri{y)K, - LT\[{y)), 

(2) {xFi,y) = {x,n{y)){Fi,Ei), 

(3) {F,x,y) = {x,r[{y)){Fi,Ei). 
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Proof. (1) The function di : V+ ^ \J , y ^ ri{y)Ki - LT^r[{y), is a deriva- 
tion since for all y, y' € U"*", 

di{yy') = ri{yy')Ki - L~^r[{yy') 

= yn{y')Ki + n{y){Ki > y')K, - LT\Li > yy,{y') - LT\'.{y)y' 

= yri{y')Ki + ri{y)Kiy' - yLT^r[{y') - L^'^ r[{y)y' 

= di{y)y' + ydi{y'), 

where we have used (3.28), (3.29) and the equalities 

{K, > y')Ki = Kiy', lt\u >y) = yL;\ 

Moreover, di{Ej) = 6ij{Ki — L~^), for all 1 < j < 9. Since both sides of 
(1) are derivations having the same values on the generators Ej of U~*", the 
claim follows. 

(2) We can assume that y G U+, where a € N''. Let u = t^{x), a = i^{y)- 
Then 

e 

A(a) = a (E) 1 + fi{a)Ki ®Vi+ terms of other degrees, 

i=l 

where fj(a) = t'^(rj(y)) by Corollary 3.9 (1). Hence, by Lemmas 3.7, 3.11, 

{xFi,y) = T{uWiZl^,a) 

= ■T{u,a(i^))T{wiZi^ ,a^2)) 
= T{u,ri{a)Ki)T{wiZ^^ ,Vi) 

= T{u,fi{a))T{WiZ~^ ,Vi) 

= {x,riiy)){F„Ei). 

(3) is proved in the same way as (2). □ 
Proposition 3.13. For all x G U~, y € U"^ and I < i < 0, 

(1) Eix - xE, = UK,Si{x) - s[{x)LT^), 

(2) {x,E,y) = {s,{x),y)[Fi,Ei), 

(3) {x,yE,) = {s[{x),y){Fi,E.i). 

Proof. Similar to the proof of Proposition 3.12 using Corollary 3.9 (2). □ 

Recall that the form ( , ) : Ul^ x — > A; is non-degenerate by Theorem 
3.11 (5), for all a G N''. 

Definition 3.14. For all a G N", let x^, 1 < k < da = dimUl^j, be a basis 
of UIq,; and y^, 1 < k < da, the dual basis of U+ with respect to ( , ). 
Define 

da 

Oa = ^x''^^yl 

k=l 
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We set 6a = for all a G and a ^ N'^. The following formal element is 
instrumental to the definition of the quantum Casimir element: 

We collect some general properties of the family (9^) generalizing [L2, 
4.2.5]. 

Theorem 3.15. Let a G and I <i <e. Then m U (g) U, 

(1) {Ei ® 1)6^ + {Ki ® Ei)ea-a, = Oa{Ei ® 1) + 0a-aAL~^ ® ^i), 

(2) (1 F,)ea + {F, L^^a-a^ = e^il ® Fi) + ea-aAF^ ^ Ki). 

Proof. Both equalities hold when a — ai N'' since then Ei commutes with 
the elements which are products of Fjs where j i, and similarly Fi 
commutes with the elements y^. 

By definition the equality in (1) means that 

k I 
k I 

in U (8> , or equivalently, by non-degeneracy of ( , ) , that 

Yi^ixl- xlEi){z,vi) + Y,K^xl_a^{z,Eiyi_^;) 

k I 
I 

for all z € Ul^^. Now we apply Proposition 3.13 (1), (2) and (3) to the 
summands of the first, second and third sum, collect coefficients of Ki and 
L,j^^ and obtain the following equivalent form of (1) 

(^{F„Ei)Y 

- (^^^ E )(^' y'^ + E (^i(^)' yi-a, )^ = 0. 

Since the tensorands of 9^ and 9a-ai are dual bases, we see that 
I 
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Since {Fi,Ei) = —ii, it follows that the coefficient of Ki is zero. Similarly 
the coefficient of L^^ is zero since 

k 

I 

(2) is proved in the same way using Proposition 3.12 instead of Proposition 
3.13. □ 

3.5. Data of Cartan type. 

Let {0'ij)i<i,j<e be a generalized Cartan matrix, that is, io.ij)i<ij<e is a 
matrix with has integer entries such an = 2 for all 1 < i < 0, and for all 
^ Ikhj I^Q-ii 1^ j, CLij < 0, and if aij = 0, then aji = 0. 

Definition 3.16. Let V = ViT, {gi)i<i<0, ixi)i<i<e) be a YD-datum. 

We say that P is a YD-datum of Cartan type (aij) if 

(3.34) qijQji = q^-\ qn / 1, < -aij < oidiqu), for all 1 < i,j < 9, 

where the qij are defined by (1.1), and 1 < oid^qn) < oo. 

Note that the equivalence relation (1.2) can be described as usual in terms 
of the Cartan matrix. For all 1 < i,j < ^, « ~ J if and only if there are 
vertices ii, . . . ,it £ I,t > 2 with ii = i, it = j, ai;,j;+i 7^ for all 1 < / < t. 

Definition 3.17. A reduced YD-datum of Cartan type 

^(r, {Li)i<i<e, {Ki)i<i<g, {Xi)i<i<e, {0'ij)i<i,j<e) 

is a reduced YD-datum D(r, (Lj)i<i<0, (Kj)i<j<6i, (xi)i<'t<6i) such that for 
all l<i,j <0 

(3.35) qijqji = q'^-' , qu / I, < -aij < ord(gjj), 

where qij = Xj{Ki), as in page 13. 

We introduce an important condition which generalizes the notion of X- 
regular root data in [L2, Chapter 2]. 

Definition 3.18. A reduced YD-datum 

T^red = ^(r, (Lj)l<i<6», {Ki)i<i<g, iXi)l<i<e) 

is called regular if the characters XI7 ■ ■ ■ ^Xe are Z-linearly independent in T. 
We fix a generic, see Definition 1.4, reduced YD-datum of Cartan type 

T^red = ^red(r, (-Lj)i<i<e, {Ki)i<i<^g, {x-i)l<i<e, {0'ij)l<i,j<d) ■ 

By [AS3, Lemma 2.4] we can choose di, . . . , € N — such that 

(3.36) diUij = djOji for all i,j € I. 

Let X be the set of connected components ofI = {1,...,^} with respect to 
the Cartan matrix {aij)i<ij<Q. 
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It is useful to single out the following subgroup of T. 

Definition 3.19. Let be the subgroup of T generated by the products 
KiLi, . . . , KeLg. 

Lemma 3.20. (1) Let J C I be a connected component. Then there are 
qj G which is not a root of unity, and roots of unity Qj G k, j € J , 

such that Qjj = qf^Qj for all j € J. In particular, the elements {qjj)j(zj are 
N-linearly independent, that is, if {nj)j^j is a family of natural numbers, 
then Ylj^j qjj = 1 implies that nj = for all j e J. 

(2) If (aij) is invertible, e. g. if it is a Cartan matrix of finite type, then 
T>red is regular. 

(3) // T>red is regular and the index of in T is finite, then the Cartan 
matrix (oij) is invertible. 

(4) // (oij) is a Cartan matrix of finite type, then for all connected com- 
ponents J C I there is an element qj S such that 

(3.37) q^^ = q^^'for all i e J, J £ X. 

Proof. (1) We choose an element i G J, and gj E k with qa = (ff'^ ■ Then for 
all j G J there are ii, . . . ,it € J, t > 2, with ii = i, it = j, and ^ 

for all 1 < / < By applying (3.35) several times we obtain 

In ~ 9jj 

On the other hand 

by applying (3.36) several times. Hence for all j J there is a root of 
unity Cj G k such that qjj = qf^Cj- particular, the elements {qjj)j£j are 
N-linearly independent since Pred is generic, hence qj is not a root of unity. 

(2) Suppose ni, ■ ■ ■ ^ng are integers with ni=i = 1- J C I be a 
connected component. Since Xi{KjLj) = qa^-^^ for all i,j by (3.35), (3.1) we 
obtain for all j £ J 

i=l ieJ 

where in the last product we can assume that i £ J since Oij = for all 
i ^ J. By the proof of (1) we may write qa = (ff'^d for all i £ J, where the 

Ci are roots of unity. Thus Hie j g^*^'*^'"'^ = 1 for all j £ J since qj is not 
a root of unity. Since {aij)i,j(zj is invertible, it follows that ?ij = for all 
i £ J. 

(3) Since xit ■ ■ ,Xd Z-linearly independent characters and T/T^ is a 
finite group, the restrictions of xi, • • • > Xe to the subgroup are Z- linearly 
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independent. Let J be any connected component of / with respect to (ajj). 
We use the notation of the first part of the proof. Then Xji^iLi) = q^^^ = 
Ij '"'■'(^j for aU i,j G J. Assume nj, j € J are integers with ^j^zj o-ijUj = 
for all i G J. Let n G N with Q = 1 for all i G J. Then 

for all i £ J. Since the restrictions of the characters XjiJ G J to are 
Z-linearly independent, and since Xji^i^i) = 1 for all j G J, i G / \ J, it 
follows that Uj = for all j G J. Hence the matrix (aij)ij^j is invertible. 
Since J was an arbitrary connected component, the claim is proved. 

(4) Finally, it is not difficult to see, by inspection, that (3.37) holds for 
data of finite Cartan type. □ 

Remark 3.21. (1) The following relations hold in U = U{T>j.edA) for all 
1 <i,j < e,i^j: 

(3.38) adz(i?i)i-"'n^i) = ^vsEIeX'"''''" = 0, 

s=0 

1—aij 

(3.39) ad,(Fi)'""'^(^i) = dijsF^F.Fl-''''-' = 0, 

s=0 

where for all 1 < i,j < 0,i ^ j,0 < s < 1 — Ojj, Cijs,dijs are non-zero 
elements in k. 

Proof. The first equality in (3.38) follows from the quantum binomial for- 
mula in End(U"'"), since for all 1 < i < 0, adi{Ei) = Lsi — Rsi ad; Ki, and 
{REiadiKi)LEi = quLEiiREiSidiKi), where LEiix) = Ux and REi{x) = 
xEi for all x G U+. In same way the first equality in (3.39) is shown. The 
second equality in (3.38) follows from (1.5) since by definition the elements 
Vi = Ei,l < i < 9, satisfy the relations of the Nichols algebra B(y). By 
the same reason adi{'Wiy~"''^ (wj) = for all 1 < i, j < 9,i j- Hence 
S{adi{wiy-''^^{wj)) = adr{S{wi)y~''^^{S{wj)) = for all 1 < i,j <9,i^ j, 
where S is the antipode of the Hopf algebra ;S(Ty)7^1k[A]. This proves the 
second equality in (3.39) since by Corollary 3.9 (2) ip~{S{wi)) = —quFi for 
ahl < i < 6*. □ 

(2) Assume that the braiding matrix {qij) satisfies 

(3.40) qa = qf' for aU i G J, J G X. 

Then (qij) is twist-equivalent to a braiding of Drinfeld-Jimbo type [AS3]. 
Indeed, let qij = q^j""^^ ^ for all J G <Y and i, j G J; set qij = 1, for 1 < z, j < 
such that i oo j. Then {qij) is of Drinfeld-Jimbo type, and the braidings {qij) 
and {qij) are twist-equivalent since qijqji = qijqji^qa = qa for all 
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In this case, the braided Serre relations (1.5) are defining relations of the 
Nichols algebras «B(y) and ^{W). This follows by twisting from [L2, 33.1.5] 
when the elements qj € k. are transcendental, and from [Ro2, Theorem 15] 
(see also [HK, Subsection 3.4]) when they are not roots of unity. Thus in 
Definition 3.3 the relations (3.5), (3.6) of U can be replaced by (3.38) and 
(3.39). 

To describe the relations explicitly (cf. [RS2, Lemma 1.6]), let 

(3.41) pij = QijqiJ^, ieJ, J £X, l<j<9. 
Then (3.38), (3.39) are equivalent to 

l—aij 

(3.42) J2 (-P^^) 

s=0 



p. — n 

for alH G J, J G A" and 1 < j < 6, i ^ j. 



(3.43) ^-P^^) 



4. Representation theory of U 

In this section we assume that Pred is generic, regular, and of Cartan 
type; we denote U = U{T>redA)- We extend [L2, Sections 3.4 and 3.5]. 
Let Q be the subgroup of F generated by xij • • • > Xe- Thus by regularity 

l} ^ Q, Xcx, 

is bijective. 



4.1. The category C^'^. 

Let C be the full subcategory of u-^ consisting of all left U-modules M 
which are direct sums of 1-dimensional L-modules, that is, which have a 
weight space decomposition M = © pM^, where 

= {m G M I gm = xi9)i^ for all 5 G F} 

for all X £ r. A character x G F is called a weight for M if 7^ 0. 

Let C^^ be the full subcategory of C defined as follows. A module M G C 
is in C'** if for any m & M there is an integer > such that Uj^m = for 
aU a£N^ with \a\ > N. 

Note that both categories C and C^^ are closed under sub-objects and 
quotient objects in u-^- 

We begin with a technical result to be used later. 



26 



ANDRUSKIEWITSCH, RADFORD AND SCHNEIDER 



Proposition 4.1. Let M G C . Then multiplication with Vl on M is a 
well- defined operator mapping each weight space of M into itself. For all 
X € r, m € M^, and 1 <i <6, 

(1) QE.m = {xXi){KrLi)-^E,nm, 

(2) nPim = x{KiLi)Finm. 

Proof. For all m € M, Qm = J2aeN^ Ylk=i S{x^)y^m is a finite sum since 
M G C'^*. Hence multiplication with is a well-defined operator on M. For 
all a G N'' and x G Ul^,y € the element S{x)y commutes with all 
g ^T. Hence : M ^ M is F-linear and maps each weight space of M into 
itself. 

To prove (1) let x € F and m G M^. We apply 5 (8> id to Theorem 3.15 
(1), multiply and obtain for all a G N'' 

Y,S{xi)S{E,)yi + S{xi_^^)K7^E,yi_^^ 

k=l 1=1 

da da-ai 

= Y,S{E,)S{xi)yi+ LiS{xl_Jy'^_^^Ei. 

k=l 1=1 

Here both sums over I are zero if a — ^ N". Since S{Ei) = —K^^Ei it 
follows that 



da <ia-ai 

- E J2^ix'c.)K-'E^y^m+ Yl E S{xi_jK-^Eiyl_^^r7i 

Q,gNl k=l asNl 1=1 

da da-ai 

= - E E^r'^.5(x^)?/>+ Y E US{x',_Jy^,_,^E,m. 

afzfijl k=l aeNi (=1 

Since the left hand side of the last equation is zero we obtain 
= -R-^EiVtm + LiQEim, 

hence 

nEim = {KiUY^Ei^m = {xXi){KiLiy^ Eiftm. 
In the same way (2) follows from Theorem 3.15 (2). □ 

Let X £ r. We define the Verma module 

e 

M{x)=\J/{Y^Ei + T.^^9-x{9))- 

i=i ger 
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The inclusion U~ C U defines a U~-module isomorphism 

e 

(4.1) U- ^M(x) = U/(^Ui^, + J]U(^7-x(5)))■ 

^=l ser 

This follows from the triangular decomposition in Corollary 3.8 (2). 

Let m-^ € M{x) be the residue class of 1 in M(x). Then M{x) € C, 
G M(x)'^, and EiUiy. = for aW 1 < i < 9 . The pair (M(x),?7i^) has 
the following universal property: For any M G C with m G such that 
Eim = for all 1 < « < ^ there exists a unique U-linear map t : M(x) ~^ ^ 
such that t{m^) = m. 

The Verma module M{x) and all its quotients belong to the category C^^. 
We define a partial order < on F. 

Definition 4.2. For all X) x' ^ T we write x' < x if there is an element 
a G N'' such that x = x'x«- 

Note that < is a partial order in F since Vred is regular. 

Lemma 4.3. Let x G F, and M G C. Suppose x a maximal weight for 
M and m G M^. Then Eiin = for all 1 < i < 6, and Um is a quotient of 
Mix). 

Proof. This follows from the universal property of the Verma module since 
Eim G M^^^'i , and M^^^i = by maximality of x- □ 

Let M G C and C be a coset of Q in F. Then Mq = (BxecM^ is an object 
of C. We note that M = (BcMc, where C runs over the Q-cosets of F. 
By regularity, for all x £ F 

Mix) = e„eNi^/(x)^^''"^", Mix)'' = km^, 

since M(x) is the k-span of the residue classes of Fj^ • • • Fi^, 1 < ii, • • • , in < 
6,n > 0. Thus x is a weight of M(x) with one-dimensional weight space, 
x' < X foi' all weights x' of Mix), and M(x) = (M(x))ci where C = xQ- 
Because of these remarks, the proof of the following Lemma is standard. 

Lemma 4.4. Ifx^^, then Mix) has a unique maximal submodule M'(x); 
the quotient Aix) ■= M(x)/M'(x) is the unique (up to isomorphisms) simple 
module with highest weight x- D 

Lemma 4.5. Suppose M G C^^ is finitely generated as a \] -module. 

(1) The dimension of is finite for all x G F. 

(2) For all x' G F there are only finitely many weights x for M which 
satisfy x' < X- 

(3) Every non-empty set of weights for M has a maximal element. 
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Proof. We may assume that M 7^ 0. In this case M is generated by weight 
vectors vi, . . . ,Vr- Let xij ■ ■ ■ , Xr G T be the corresponding weights. Let x 
be a weight for M. Observe that is spanned by elements of the form 

7^ m = • • • Fi^Ej^ ■ ■ ■ Ej^g ■ Vi = Xi{9)Fh ■ ■ ■ Fis^jj ■ ■ ■ Ej^ ■ Vi, 

where l<i<r, g£r,0<s,t, I < ip, jq < for all 1 < p < s, 1 < q < t, 
and X = X-p+aXii where /3 = + • • • + a,^, and a = Uj^ + ■ ■ ■ + aj^. 
Since M € C^^ there are only finitely many a's for each 1 < i < r, and 
for each pair (a,i) there is exactly one j3 with x = X-fi+aXi- Here we use 
the fact that XIt ■ ■ iXe ^'^^ Z-linearly independent, that is for a^P^j} the 
equations Xa = Xp implies a = /3. We have established (1). 

Let x' S L and x ^ weight for M such that x' ^ X- Note that x ^ XaXi 
for some a and i as above. This proves (2) since there are only finitely many 
such pairs {a,i), and since for all Xi)X2 £ L the segment 

[xi,X2] = W \ xi < V < X2} 

is finite. A consequence of (2) is that every chain of weights Xi ^ X2 ^ ■ ■ ■ 
is finite; hence (3) follows. □ 

4.2. Integrable modules. 

A left U-module M is called integrable if M G C, and for any m € M and 
1 < i < 9 there is a natural number n > 1 such that E'!j^m = F^m = 0. 

The following notion from [RS2] is an adaptation to the present setting of 
the classical concept in Lie theory. A character x € L is called dominant if 
there are natural numbers mj > such that xi^iLi) = q^^ for aWl < i < 9. 

We denote the set of all dominant characters in F by . 

Definition 4.6. Let x ^ and mj > for all 1 < i < 9 such that 
x{KiLi) = q^' for ah 1 < i < 0. Set 

6 

Lvix) = u/( ^ Ui?, + ^ iJFr+' + E u(5 - xig))) ■ 

i=l i=l geT 

We will write L{x) = Lu{x) when the Hopf algebra U is fixed. 
Lemma 4.7. Let n > 1 and 1 < i < 9. Then 

(1) EiF[^ = F^Ei + £i'i^—{Ki - 

Qii i 

(2) F,Ef = E^F, + e^^^{L-' - K,q7^^')Er'. 

(3) F^F, G X:;=7 ^K'FjFr', z/n > l - a.,. 

(4) EfEj e E;=7 ^EfE.Er", ^/n > 1 - a,,. 
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Proof. (1) and (2) follow from Prop. 3.13 (1) and Prop. 3.12 (1), or can 
be shown directly by induction on n. (3) and (4) follow from the Serre 
relations (3.39) and (3.38) and the observation that for a, b in an algebra 
and r > 1 the relation a'^b € Y^'s=o^^^^^^~^ implies a^-b € Yll=o^'^^^^^~^ 
for all n > r. □ 

Let X be dominant, and let be the residue class of 1 in L{x)- By 
the next lemma the pair {L{x)y^x) universal property of the Verma 

module with respect to integrable modules in C. 

Proposition 4.8. Let M G C be integrable and x G P. Assume that there 
exists an element ^ m € such that Eim = for all 1 < i < 6. Then 
X is dominant, and there is a unique \J-linear map t : L{x) M such that 
tii^) = m. 

Proof. Let 1 < i < 9. Since M is integrable, there is an integer n > 1 such 
that = 0, / 0. By Lemma 4.7 (1) 

(?" — 1 

= E,F,-m = U^^{Ki - L-\-^-+')Fr'm 

Hit 

Since Since qa is not a root of unity, it follows that 

x{KiLi) = Hence n = rm + 1. Thus x is dominant, and the universal 

U-linear map M{x) — ?• M, i— )• m, factorizes over L{x)- D 

Corollary 4.9. Let x,x' £ r+. 

(1) The isomorphism (4.1) induces an isomorphism 

e 

(4.2) lJ-/{Y,V-Fr^')^Lix), 

i=l 

L(x) is integrable, and dimL(x)'^ = 1, with basis i^,. 

(2) The modules L{x) and L{x') Oif^ isomorphic if and only if X = x' ■ 

Proof (1) By Lemma 4.8 ^ji^^'+^T = in M{x), 1 < i < 9. Hence the 
image of UF™'"'''^ in M(x) coincides with the image of \J~Fp+^, and the 
map in (1) is bijective. In particular, L{x) 0, and L{x)'^ is one-dimensional 
with basis 1 = ly.. By Lemma 4.7 (3) L(x) is integrable. (2) follows from 
(1) since L{x) and L{x') have unique highest weights x and x'- ^ 

We note that in the proof of the last corollary we used the following rule 
in U~ to show that L{x) is integrable: For all 1 < i,j < 9,i ^ j, there are 
integers Uij > rij > such that 

(4.3) F^Fj G IJ-F^^'''' for ah n > mj. 

This rule follows from Lemma 4.7 (3) with r^j = —aij,nij = 1 — Oij, that 
is, from the Serre relations which hold because Vred is of Cartan type. The 
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assumption of Cartan type is only used here. Thus in Section 4 we could 
replace it by (4.3). 



4.3. The quantum Casimir operator. 

We assume in this subsection the following condition on the diagonal 
entries of the braiding matrix (qij): 

e 

(4.4) If Yl Qu =l,0<nieZ,l<i<e, then = for ah 1 < i < 6*. 

1=1 

By Lemma 3.20 (4.4) holds if I is connected, that is if the Cartan matrix of 
P^ed is indecomposable. As in [L2, Chapter 6] the next lemma is crucial for 
the semisimplicity results. 

Lemma 4.10. Let C be a coset of Q in T. 

(1) There is a function G : C ^ such that G{x) = G{xXi^)x{KiLi) , 
for all X ^ C and 1 < i < 9. G is uniquely determined up to 
multiplication by a constant ink^ . 

(2) Let G be as in (1). If XiX' ^ r+ are dominant characters with 
X>x' and G{x) = G{x'), then x = x'- 

Proof. (1) Let C = xQ where x is a fixed element in the coset C, and pick 
G{x) e k^. For ah a = Yli=i nia^ e ll we define 



(4.6) GixXa) = G{x)xiKaLa)qa- 
We first show that for all a G Z'', 1 < p < 0, 

(4.7) qa = qa-apXa{KpLp). 

By definition 

l<i<0, l<i<j<9, l<i<8, 

= n c'^'^'^^;^' n ^wr"-^ n ^^^v^m)-''' 

l<i<e l<i<3<d l<i<d, 

= qaXa{KpLp)~'^ , 

where the last equality follows from Xi{KpLp) = qipqpi for all 1 < i < ^. 
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It follows from (4.7) that the function G defined by (4.6) has the desired 
property since for all q G Z'', 1 < p < 0, 

G{XXaXp^){XXa){KpLp) = G{x)x{Ka-apLa —ap)Qa—ap 

X{KpLp)Xa{KpLp) 

= G{x)x{KaLa)x{Kp^Lp^)qa~apX(.KpLp)xa{KpLp) 

= G{x)x{KaLa)qa-apXa{KpLp) 

= G{x)xiKaLa)qa 

= G{xXa)- 

The functions G in (1) are clearly unique up to a non-zero scalar. 

(2) (a) We show by induction on ?i > that for all 1 < ii, Z2, . . . , in < ^, 

(4-8) v-^) = n ^(^M n X.p{K,,UX'- 

This is clear for n = and follows by induction and (1) from 
G{X)G{XXI'---X-XX' 

= G{x)G{xxT,' ■ ■ ■ Xl!)-'G{xx^' ■ ■ ■ xl')G{xx^' ■ ■ ■ x^X' 

= n X(^ip^ip) n XipiKi^Li^^xXi,^ ■■■Xi„^){Ki^+iLi„+,) 

= n XiK^pLi^) n X^p{K^,UX'. 
l<p<n+l l<p<q<n+l 

(b) Now we prove (2). By assumption there are indices 1 < ii,i2, ■ ■ ■ ,in < 
6, n > 0, with x' = XXi^^ ' ' ' X'i^- Since x ^-^id x' ^-re both dominant there 
are natural numbers mi^m[ > 0, 1 < i < 0, such that 

(4.9) x{KiU) = q'l^^ x'iKiLi) = for aU 1 < i < 0. 
By assumption G{x) = G{x') = G{xx7^^ ■ ■ ■ X7^)- Hence by (a), 

(4.10) n xiK^pL,^)= n X^p{K^,U^). 
l<p<n i<p<q<s 

Then we obtain 

n 'Ct^" = n x{K.pL,^) n ^'(^v^^j 

l<p<n l^P^" 1<P<'^ 

= n x{K,Xip? n x-\K,^Li^) 

l<p<n l<Pi9<" 

= n Xip{Ki^L,f H x^p{K^L,X^x n Xi^HKi^L,^) 

l<p<(/<n 1<P<9<'^ 1<P<'T- 



n 



l<p<n 
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For the third equahty we used (4.10) and that Xii^jLj) = qijQji = Xji^iLi) 
for all 1 < i,j < 6- By (4.4) the family {qii)i<i<e is N-linearly independent 
and we get a contradiction except n = 0, that is x = x' ■ ^ 

Example 4.11. Let F = {Ki,K2) be a free abelian group with basis Ki, 
K2, and 7^ g G k not a root of unity. Let Li = Ki, L2 = K2, and define 
characters Xi > X2 € F by 

Xl{Ki)=q, Xl(^2) = l, X2(i^l) = l, X2{K2)=q''. 

Thus Vred = T^red{^ j (-^i)> (-^i)> (Xi)> i^ij)) ^ generic reduced YD-datum 
of Cartan type where an = 022 = 2,ai2 = 021 = 0, and qiiq22 = 1- Define 
X,x' G r by x'{Ki) = q, x'(^2) = and x = x'xiX2- Then x' < X, and 
both are dominant. Let G be a function satisfying Lemma 4.10 (1) for the 
coset C = x'Q- Then 

Gix) = G(x'xiX2) = G(x')(x'xi)(i^iii)(x'xiX2)(i^2i^2) = G(x'). 

Thus Lemma 4.10 (2) does not hold without the assumption that the qu^s 
are N-linearly independent. 

Proposition 4.12. Let C be a coset of Q in T, and M G C^* such that 
M = Mc- Choose a function G as in Lemma 4-10 and define a k-linear 
map nc ■■ M M by ndm) = G(x)f^(m) for all m G M^,x G C. 

(1) The map 0,g is \J-linear and locally finite. 

(2) If ^ m £ M generates a quotient of a Verma module M{x) for 
some X £ r, then x G C, and ^(^(m) = G{x)m. 

(3) The eigenvalues of 0,'''^ the G{x)' s, where x runs over the max- 
imal weights of the submodules N of M , in which case Vlcin) = 
G{x)iT' for all n G A^-*^. 

Proof. (1) By Proposition 4.1 $7^ is well-defined and maps each weight space 
of M to itself. Hence Q.g : M ^ M \s F-hnear. Let 1 < i < 6*, x G f , and 
m G M^. By Propositon 4.1 

nG{E^m) = G{x^xMEim) = G{xiX){xXir\K,L{)Ei^m, 

^G[F,m) = G{xi\MFim) = G{xi^x)x{KiL,)Finm. 

On the other hand, EiVlG{m) = G{x)Eii}m, Fii^Gi^n) = G{x)F'i^rn. By 
Lemma 4.10 (1), 

G{x) = G{xx7')x{KiLi),GixXi) = G{x){xXi){KiLi). 

Hence it follows that 

VlG{Eim) = EiflGim), VlG{Fim) = F,VlG{m), 

and we have shown that VIg is U-linear. We show that M is the sum of 
finite-dimensional Oc-invariant subspaces. Since any U-submodule of M is 
Oc-invariant we may assume that M is finite-dimensional. In this case M is 
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the sum of finite-dimensional weight spaces by Lemma 4.5 (1), and weight 
spaces are Oc-invariant. Hence is a locally finite linear map. 

(2) Write U-m = U-n, where n G and Ei-n = for all 1 < i < 0. Then 
^cin) = G{x)n by definition of and consequently OG(n') = G{x)n' for 
all n' € U • n since eigenspaces of module endomorphisms are submodules. 

(3) First of all, G{x) is an eigenvalue of Q^g when x is a maximal weight 
of submodule of M by Lemma 5.3 and part (2). 

Conversely, suppose that A is an eigenvalue of VLg and 7^ m G M 
satisfies Q.G{'m) = Am. Since N = U ■ m ^ {) \s finitely generated, and 
N G C'^^ by Lemma 5.4 (3) there is a maximal weight x N . By Lemma 
5.3 and part (2) we conclude that G{x) is an eigenvalue for the restriction 
^g\^ ■ Since the eigenvectors for VLg belonging to A form a submodule of 
M, G{x) = A. □ 

The function : M — )• M in Proposition 4.12 is called the quantum 
Casimir operator. 

4.4. Irreducible highest weight modules. 

Lemma 4.13. Let x ^ T"*". Let J be a connected component o/I, I' = I \ J, 
and let Uj be the subalgebra o/U generated by T and Ej,Fj,j G J and U' 
the subalgebra o/U generated by T and Ei,Fi,i G I'. Then the map 

(4.11) ^ : Luj(x)^Lu,{x) ^ L{x), 

for all u G Uj, u' G U'^, is a ^-linear isomorphism; and 

(1) ^{gm ® gm') = x{g) g^{T^ ® fn'), 

(2) ^{Ejm(^m') = {x'>p~'^){Kj) Ej^{m (g) m'), if m' G Lu'(x)'^; "0 ^ T, 

(3) <I>(m (g) Eim') = Ei^{m (g) m'), 

for all j e J, i el', me Luj{x), m' G Lu'(x)- 

Proof. The multiplication map defines an isomorphism Uy ® U'~ U~ 
since the generators Fj,j G J, of Uj and Fi^i G F, of U'^ skew-commute. 
The kernel of the canonical map 

U7 u' ^ U7/( ujfP^') ^u'-/{Y: u'-Fr^') 

jeJ iei' 

has image 

under the multiplication map. Hence the induced map 

is bijective. Then (4.11) is an isomorphism of vector spaces, by Corollary 
4.9. 
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To prove (1) - (3), we may assume that m = ul and m' = u' 1, where 
u G (UJ)_Q,, u' G (U'~)_/3 are homogeneous with a G N'^, /? G N'''. 

(1) Let 5 G r. Then 

<^>{guT®gu'T)) = {x^e.x){g){x~px){g)^{uT (E) tiT) 
= {x~ax){g)(.x-i3x){g)uu'i 
= x{9)guu'i 
= x{9)g^{uT®u'T). 

(2) Let j G J. We first note that there is an element u G Uj which 
is a k-linear combination of monomials in F;,/ G J and Kj — LJ^ where 

in each monomial the factor Kj — LJ^ occurs exactly one, and such that 
EjU = uEj + u. This follows by induction on \a\, since 

EjFkU = FkEjU + 6jkl{Kj - Lj^)u = FtuEj + FkU + 6jkl{Kj - Lj^)u 

for all /c G J by induction and (3.7). Then 

^{EjuT (g) u'T) = $(nT (g) n'T), 

Ej^{uT (g) u'T) = EjUu'T = {uEj + u)u'T = uu'T, 

since Ejl = in Luj(x)) and Eju'l = u'Ejl = in Lu'{x)- Hence (2) is 
equivalent to 

(4.12) $(ST ® n'T) = xi3{Kj)uu'T, 

since u'l G Ljji{x)^^^'^ , hence xi^'^ = X/B- To prove (4.12) we may assume 
that u = ui{Kj — Lj^)u2, where ui G U~ and U2 G (UJ")_^,7 G N''. Then 

ST = ui{Kj - L-^)u2T = {{xx—i){Kj) - {xX--i){Ljy^)uiU2T 

in Lj{x), and ^{ul^u'T) = {{xx~j){Kj) - {xX-y){Lj)~'^)uiU2u'l. 

Since Xi{Kj) = Qji = Q^/, and Xi{Lj)^^ = Xj{Ki)-^ = qr^ for ah z G F it 
follows that in L{x) 

uu'l = ui{Kj — LJ^)u2ul 

= {{xX-jX~(5){Kj) - {xX-yX~i3){Lj)~^)uiU2u'T 

= X-p{Kj){{xX--i){Kj) - {xX--i){Ljy^)uiU2u'T 

= X-p{Kj)Hul(^u'l). 

(3) As in the proof of (2) let u' G U' with EiU = uEi + u'. Then 

^{uT (g) Eiu'T) = ^>(tiT (g u'T), 
Ei^{uT (g) n'T) = EiUu'T = uEiu'l = uu'T. 
To prove that $(nl (g) n') = nn'l we may assume that 

n' = n'i(Ki - Lri)n'2,4 G (U'-)_5,(^ G N^'. 
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Then ^ul ® n'l) = {{xx~5){K^) - {xX~5)iLi)-^)uuiU2l = uu'l. □ 

The following theorem shows that L{x) for x ^ T"*" coincides with the 
simple module A(x) from Lemma 4.4, thus providing the defining relations 
of A(x); it also implies that the weight multiplicities of A(x) are as in the 
classical case for data of finite Cartan type. 

Remark 4.14. Let (ajj)i<jj<6» be a symmetrizable Cartan matrix, H, H^) 
a realization of {<^ij)i<i,j<e with H = {ai, . . . , ae}, = {oj^, . . . , a^} and 
the corresponding Kac- Moody Lie algebra (see [K]). let 7^ g G k be 
not a root of unity and (F, c) a braided vector space with basis vi,...,ve 
and braiding c{vi'^Vj) = q'^'"'^^Vj®Vi for all 1 < i,j < 9, where [diaij) is the 
symmetrized Cartan matrix. 

Let < rn-i, . . . , me G Z. Choose A € f)* with X{a^) = nii for all 1 < i < 6*. 
Thus A is an integral weight of g. Let L{X) be the irreducible g-module with 
highest weight A. Then the multiplicities of the weight spaces of L{X) are 
given by 

e 6 
L(A),_, = (f/(n+)/(j;C/(n+)er+i)„ - {B{V)/{Y,^{V)vr^'))^, 

4=1 i=l 

where deg(ej) = deg(vi) = ai for all z, and a = Yl^i=i < rij € Z for all 
i. The first isomorphism is [K, 10.4.6], and the second isomorphism follows 
from [L2, 33.1.3] if q is transcendental, and can be derived from [HK, Section 
3.4] if q is not a root of unity. 

Theorem 4.15. Let x G r+. 

(1) L{x) "is a simple U -module. 

(2) Any weight vector of L[x) which is annihilated by all Ei, 1 < i < 9, 
is a scalar multiple of i^. 

(3) If (qij) satisfies (3.40), in particular if the Cartan matrix is of finite 
type, then the weight multiplicities are as in the classical case, that 
is, given by the Weyl-Kac character formula. 

Proof. We proceed by induction on the number of connected components of 
I. We first assume that I is connected. Then the results of Subsection 4.3 
apply. Recall that L{x) = L{x)c for the coset C = xQ- 

(1) Let M be a non-zero submodule of L{x)- By Lemma 4.5 (3) there is 
a maximal weight for M since L{x) is finitely generated. Let x' be such a 
weight. Then G{x') is an eigenvalue for by Prop. 4.12 (3). By part (2) of 
the same G{x) = G{x')- Since L{x) is integrable M is also. By Lemma 4.3 
and Prop. 4.8 %' is dominant. Thus X = x' by Lemma 4.10 (2). Since L{x)^ 
is one-dimensional L{x)^ = M^. Thus M = L{x) since L{x)^ generates 
L{x). Thus we have shown that L{x) is simple. 

(2) Let x' e f and 7^ m G L{xY' such that Eim = for all 1 < i < 9. 
By Proposition 4.8 x' is dominant and there is a U-linear map L{x') ~^ ^ix) 



36 



ANDRUSKIEWITSCH, RADFORD AND SCHNEIDER 



mapping onto m. This map is an isomorphism since L{x') and L{x) are 
simple by the first part of the proof. Hence x' = X by Corollary 4.9 (2), and 
m is a scalar multiple of by Corollary 4.9 (1). 

(3) Let X G f + and xiKiU) = g^7%0 < G Z, for all 1 < i < 
6. By Corollary 3.9 the weights of L[x) have the form xX-a^ca G N'', 
where for ah a G N\ L(x)^^-" = (U-/( XlLi The bijec- 

tive map /5 : B{W) — > U~ in Corollary 3.9 (3) induces an isomorphism 
{B{W)/{Y.UB{W)wT^^^))^ - (U-/(EtiU-i^™'+^))_„ for all a G 
if we define di.eg{wi) = ai for all i. 

By assumption on the braiding (and since I is connected), qa = for 
all 1 < i < 6, where 7^ g G k is not a root of unity. The braiding 
matrix {Qji^)i<i,j<e of W with respect to the basis wi, . . . ,wg is twist equiv- 
alent to ((7"°''"*^ ). Let W be the braided vector space with braiding matrix 
^q-diaij^ with respect to a basis wl, . . . ,we. By [ASl, Proposition 3.9, Re- 
marks 3.10] -B(M^)/(ELi^(^K"''^^) - B{W)/{J2i=i>3(W)wi""^^^) as 
Z^'-graded vector spaces, where deg{wi) = a, for all i. The claim now fol- 
lows from Remark 4.14. 

Now let J be a connected component of I and I' = I \ J. Let Uj be the 
subalgebra of U generated by T and Ej,Fj,j G J. Let U' be the subalgebra 
of U generated by T and Ei,Fi,i G I'. We assume by induction that Lu'(x) 
satisfies (1), (2) and (3). 

We first show that L{x) satisfies (2). Let m G L{x) be a weight vector of 
weight x' G r such that Eim = for all i G I. By Lemma 4.13 (1) $ induces 
a linear isomorphism of weight spaces 

LvAxV^Lv'ixf^LixV'. 
x"VV'=x' 

Hence there are finitely many elements rrii G Luj{x)^'j and G -i>u'(x)'^S 
1 < I < n, with ipi,il^i G r, ifitpi = xi^ foi' all 1 < / < n such that m'l, . . . , m'^ 
are k-linearly independent and *&(X^JLi "^i ® ^J) = By Lemma 4.13 (2) 

n n 

^C^{x~i^l){Kj)Ejmi m[) = ^ Ej^{mi ® m[) = Ejm = 0. 
1=1 1=1 
for all j G J. Since $ is bijective, and the elements are linearly inde- 
pendent it follows that Ejuii = for all j € J and 1 < I < n. By (2) for 
Uj, and since rrii G L\jj{x)^^ for all /, the elements mi are scalar multiples 
of 1 G Ljj j{x)- Therefore m = $(1 (8> m"), where m" G L\j'{x)^' ■ Then by 
Lemma 4.13 (3), = Eim = $(T (g) Eim"), hence Eim" = for all i G F; 
thus, m" is a scalar multiple of 1 by (2) for U'. Hence m G kl and x' = X- 

We next show that (2) for L{x) implies (1). Let / M C L{x) be a 
U-submodule, and let 7^ m G M. Then U j m is a finitely generated 
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Uj-submodule of L{x)- By Lemmas 4.3 and 4.5 (3), there is u G C/j such 
that um is an element of maximal weight in Ujm and Ejum = for all 
j € J. Then JJ'um is U'-finitely generated and by the same reason there 
is an element u' S U' such that u'um is an element of maximal weight in 
XJ'um and Eiu'um = for all i G F. Then u'um is a k-linear combination 
of elements of the form Fi^ ■ ■ ■ Fi^Ei^ ■ ■ ■ Ei^gum, where n,m > 0, ii, . . . ,in, 
li, . . . ,lm S I' and g £ T. Since the elements Fjj , . . . , Fi^ and Ei-^ , . . . , Ei^ 
commute or skew-commute with Ej for all j S J, it follows that Eju'um = 
for all j € J. Let x' be the weight of u'um. Since (2) holds for L{x) it 
follows that x' = Xi and u'um € W^. Hence (.-^ G M, and M = L{x) since 
£^ generates the U-module 

Finally (3) for L{x) follows from the isomorphism <I> in Lemma 4.13. □ 

For an algebra A we denote the set of isomorphism classes of finite- 
dimensional left ^-modules by Irr(A). 

Corollary 4.16. (1) The map 

— )• {[L] I L G C^^,L integrable and simple}, 

defined by x ^ [^{x)]> bijective. 

(2) Assume that the Cartan matrix of Vred is of finite type. Then the 
map in (1) defines a bijection — > Irr(U). 

Proof. (1) The map is well-defined and injective by Corollary 4.9 and The- 
orem 4.15. To prove surjectivity let L G C^^ be integrable and simple. By 
Lemma 4.5 L has a maximal weight Xi and by Lemma 4.3 and Proposition 
4.8 L-L(x). 

(2) By Lemma 4.13 and the arguments in the proof of Theorem 4.15 it 
suffices to assume that the braiding matrix is of the form where 
{diUij) is the symmetrized Cartan matrix of finite type and 7^ g G Ik is not 
a root of unity. Then the claim follows from [J, 5.9, 5.15. 6.26]. □ 

4.5. Complete Reducibility Theorems. 

Here is one of the main results of the present paper extending [L2, 6.2.2], 
the analogue of (b) in the Introduction. 

Theorem 4.17. Let M be an integrable module in C^^. Then M is com- 
pletely reducible and M is a direct sum of Lix)' s where x £ T"*". 

Proof. By Theorem 4.15 it suffices to show that M is completely reducible. 
We proceed by induction on the number of connected components of I. 

Let I be connected. We may assume that M 7^ 0. We need only show 
that M is a sum of simple U-sub modules. Thus we may further assume 
that M is U-finitely generated, and M = Mq for some coset C of Q. By 
Proposition 4.12 (1) the operator $7^ for C is locally finite. Since generalized 
eigenspaces of module endomorphisms are submodules we may assume that 
M is a generalized eigenspace of Q-g with eigenvalue A. 
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Let be a proper U-submodule of M. It suffices to show that there 
exists a simple U-submodule S such that S r\N = 0. Then M has a simple 
submodule (take = 0), and M must be the sum of all simple submodules 
(take N to be this sum). 

Let m G M \ iV and set L = U • m. Then L/{N n L) / is finitely 
generated and has a maximal weight x by Lemma 4.5 (3). Since x is also a 
weight for L there is a maximal weight x' fo^^ L which satisfies x ^ x' ■ By 
the characterization of the eigenvalues of ilc in Proposition 4.12 (3) we have 
that G(x) = A = G{x')- By Proposition 4.8 and Lemma 4.3 both characters 
X and x' dominant. Hence X = x' by Lemma 4.10 (2). Therefore x is a 
maximal weight for L. The projection L — )• L/{N Pi L) induces a surjection 
{L/{L n N))^. We choose £ e L^\N. Then S = V ■ £ is simple by 
Lemma 4.3, Proposition 4.8 and Theorem 4.15, and 5 n = 0. 

Li the general case let J be a connected component of I and F = I \ J. 
Let Uj be the subalgebra of U generated by T and Ej, Fj, j G J. Let U' be 
the subalgebra of U generated by T and Ei, Fi, i £ I' . We assume that any 
integrable U'-module in the category C^* for U' is completely reducible. 

Let M be a finitely generated and integrable U- module in C^^, and let 

C M be a proper U-submodule. As before it suffices to show that there 
exists a simple U-module S <Z M such that N r\ S = Q. By the first part of 
the proof M is completely reducible over Uj. Hence there exists a simple 
C/j-submodule Si C M such that A^ n =0. Let m G Si with = Ujm. 
Since U'm ^ A^ and U'm is completely reducible by induction there is a 
simple U'-module 5*2 C U'm such that 52 H A^ = 0. By Theorem 4.15 there 
is a character x ^ T and an element u G U'^ such that ^2 = XJ'um and 
Eium = for all i G F. As in the proof of Theorem 4.15 it follows that 
Ejum = for all j G J. By Proposition 4.8 and Theorem 4.15 S := Uum 
is simple over U. Moreover S* H A'^ = 0, since S is U-simple and S N . □ 

4.6. Reductive pointed Hopf algebras. 

Let A be an algebra and B <Z A a, subalgebra. We say that 

A is reductive if any finite-dimensional left A-module is completely 
reducible. 

A is B-reductive if every finite-dimensional left ^4- module which is 
S-semisimple when restricted to B is A-semisimple. 
A pointed Hopf algebra H with F = G{H) is called L-reductive if it is 
kF-reductive. Compare with [KSWl, KSW2]. 

Corollary 4.18. U is T-reductive. 

Proof. This is a special case of Theorem 4.17 since finite-dimensional U- 
modules which are completely reducible over kT are integrable objects of 
C'^\ □ 

In Theorem 4.21, we shall need a generalization of Lemma 4.7. Suppose 
gr G is not a root of unity. As usual, we define 
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[a] [a - 1] • • • [a - n + 1] 



q-q ^ 

for all a,n (z 1i and n > 0, and 



[1][2] 



N' = [i][2]---N 



1, [0]' = 1. 



Lemma 4.19. Let ^ i Gk. Let A be an algebra with elements E, F, K, L 
such that K and L are invertible and 



(4.13) KL = LK, 

(4.14) KER-^ = q^E, KFK~^ = q~'^F, 

(4.15) LEL^^ = q^E, LFL^^ = q~^F, 

(4.16) EE - EE = i{K - L^'^). 

Kq'^ - L-\- 

Let [K,L;a) = — j , a G 

q-q 

(1) For allr,s G Z,r,s > 0, 

min{r,s) 

^rps^ F^-'hi{r,s)E''-\ where 

i=0 



h,{r,s)=i{q-q-'] 



r 




s 


i 




i 



[ifl[{K,L;i-ir + s)+j). 
i=i 

(2) KL acts semisimply on any finite- dimensional left A-module. 

Proof. By rescaling E we may assume that £ = {q - q~^)"^. Let A G 
k be an eigenvalue of K on M. Then by (4.15) for any natural number 
r > 0, F"^ maps the generalized eigenspace of A with respect to K into 
U„>i ker(if — Ag"^**)". Since q is not a root of unity there is an integer 
s > such that F^M = 0. The elements {K, L; a) satisfy the same rules as 
[i^; a] = [K,K;a] in [J]. One can check that the proofs of (1) in [J, Lemma 
1.7] and of (2) in [J, Prop. 2.3]~ which uses (1)- work in our more general 

situation. In particular, (^YljZ^_^^_^-^{KL — q"'^^)^ M = 0. □ 

Remark 4.20. The following is a standard fact in abelian group theory. 
Let A be a subgroup of an abelian group B with [B : A] < oo. If M is a 
kS-module such that M^j^j^ is semisimple then M is semisimple. 

Proof. If A G ^, then we denote by Mx the isotypic component of type 
A. Then M = (B^^^Mx and each Mx is a kS-submodule. Thus, we can 

assume that M = Mx for some A. There exists A € B extending A since the 
multiplicative group of the algebraically closed field k is a divisible hence 
injective abelian group. Then A acts trivially on M' = M ® k^-i, and this 
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becomes a module over the finite group B/A. Hence M' is a semisimple 
kS-module, and so is M ~ M' (g) Ma. □ 

Recall that denotes the subgroup of T generated by the products 
KiLi, . . . , KgLg, see Definition 3.19. 

Theorem 4.21. The following are equivalent: 

(1) U is reductive. 

(2) [r : r2] is finite. 

//U is reductive, then the Cartan matrix ofDred is invertihle. 

Proof. Suppose U is reductive. There is a well-defined surjective algebra 
map U — > /c[r/r^] mapping all Ei and Fi onto zero and any g & V onto its 
residue class in F/F^. Hence the group algebra A;[r/r^] is reductive, and 
r/r^ must be finite. 

Conversely suppose that T/F^ is finite. Let M be a finite-dimensional 
left U-module. Then for any 1 < i < ^, the elements Ei, Fi, Ki, Li in U 
satisfy the assumptions of Lemma 4.19. Hence K^Li acts semisimply on M 
by Lemma 4.19. Then we obtain from Remark 4.20 that T acts semisimply 
on M. Thus M is a semisimple U-module by Corollary 4.18. 

Finally, if (1) and (2) hold, then (aij) is invertible by Lemma 3.20 (3). □ 

5. A CHARACTERIZATION OF QUANTUM GROUPS 

We now turn to the representation theory of the more general pointed 
Hopf algebra U(T>, A) where T> is generic and of finite Cartan type. Let T>' 
be the datum with perfect linking parameter A' associated to the set of all 
non-linked vertices as in Theorem 2.1. Then U{'D',X') = U{T>red,^) '■= U, 
where (I?red> ^) is the reduced datum and its linking parameter associated to 
(V, A') as in Lemma 3.5. Thus Vred is generic of finite Cartan type, hence 
regular by Lemma 3.20. By Section 2 there is a projection of Hopf algebras 

We may consider then any U {Vred, ^)-^^odule as a U-module via ttd, and 
TTv induces a mapping vr^ from the isomorphism classes of U-modules to 
the isomorphism classes of 1({'D, A)-modules. Let L^ C L be the subgroup 
defined in Definition 3.19 for V^ed- 

Proposition 5.1. Let V be a generic datum of finite Cartan type with 
linking parameter A and define vrx) as above. Then 

f+^Irr((Z^(P,A)), x^ttUHx)], 

is bijective. 

Proof. This follows from Corollary 4.16 and [RS2, Theorem 4.6]. □ 
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Lemma 5.2. LetD be a generic YD-datum of finite Cartan type and abelian 
group T, and let X be a linking parameter for D. Let /i G I, and assume that 
h is not linked. Define V, X' , U = U{V, X), W = U{V', A') and K = W^' 
as in Theorem 2.1 for L = {h}. Then M = U/{UU"' +U{K+f) is a 
finite- dimensional vector space. 

Proof. Let J be the connected component of I containing /i, and let Xj = 
©jgjkxj. Then the natural algebra map p : B{X) U is injective by 
Theorem 1.11. We view p as an inclusion. By Theorem 2.1 K is contained 
in B{Xj). Since K = W^"^ is a left coideal subalgebra olU, it follows that K 
is a left coideal subalgebra of B{Xj)M: ^ S(Xj)#kr. Hence K C B{Xj) is 
a left coideal subalgebra in the braided sense, that is, /S.j^(^x j){K) C B{Xj)® 
K. Moreover, K is N'^-graded by Theorem 2.1. Since the braiding of Xj 
is of finite Cartan type, it follows from [HS, Corollary 6.16] that there are 
finitely many N'^-homogeneous elements ai,...am € K such that for all 
i € J the subalgebra Ik(aj) is isomorphic to B{kai), and the multiplication 
map k(om,) (8) ■ ■ ■ k(oi) K is bijective. Since B{Xj) is an integral domain 
(see for example [ASS, Theorem 4.3]), for each i the Nichols algebra i3(kaj) 
is a polynomial ring. Hence the elements a^™ • • • a"^ , ni, . . . , > 0, form a 
k-basis of K. The existence of such a PBW-basis can also be derived from 
[Kh]. Since M is an epimorphic image of K/{K~^)'^ by the decomposition 
K^W =IA in Theorem 2.1, it follows that M is the k-span of the images of 
oi, . . . , am thus finite-dimensional. □ 

Theorem 5.3. Let V be a generic YD-datum of finite Cartan type with 
abelian group T, and let X be a linking YD-datum for T>. 

(i) The following are equivalent: 

(1) U{D,X) is T -reductive. 

(2) The linking parameter X ofD is perfect. 

(ii) The following are equivalent: 

(1) V({D, X) is reductive. 

(2) (a) The linking parameter XofVis perfect. 
(b) [r : r2] is finite. 

Proof, (i) We assume that U{D, X) is F-reductive, and that the linking is 
not perfect. We choose an element /i G I which is not linked and define 
L = {h}. Let M = U/{UU'+ + U{K+f) as in Lemma 5.2. Then M is 
finite-dimensional by Lemma 5.2. By Corollary 2.2 x/jM ^ 0. Hence M is 
not semisimple since by [RS2, Theorem 4.6] any finite-dimensional simple 
L'"(P, A)-module is annihilated by x^. 

To obtain a contradiction we finally show that M is semisimple as a F- 
module by restriction. The vector space hl{T>^ X) is the k-span of elements 
of the form x/i, x a monomial in the elements xi, . . . , xg, /i G F. Let 5 G F, 
then gxh = xi9)xhg for some x ^ T. Hence in the module M, we have 
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gxh = x{g)xhg = x{9)xh since 5 — 1 G U'^ . Thus M as a F-module is the 
sum of weight spaces. 

Conversely assume that the hnking parameter is perfect. Then U{'D, A) = 
U{Vred,^) for some generic reduced YD-datum. Since the Cartan matrices 
of V and Vred are of finite type, Pj-ed is regular by Lemma 3.20 (2), and 
U{T>red,'^) is F-reductive by Corollary 4.18. 

(ii) follows from the argument in the proof of (i) and Theorem 4.21. □ 

Theorem 5.3 combined with [AA, Theorem 1.1], that generalizes the main 
result of [AS3] , gives immediately the following characterization of quantized 
enveloping algebras. 

Theorem 5.4. Let H be a pointed Hopf algebra with finitely generated 
abelian group G{H), and generic infinitesimal braiding. Then the follow- 
ing are equivalent: 

(1) H is a T-reductive domain with finite Gelfand-Kirillov dimension. 

(2) The group T := G{H) is free abelian of finite rank, and there exists 
a reduced generic datum of finite Cartan type Tf^ed forV with linking 
parameter I such that H c:±\J = U{Vred, A) as Hopf algebras. 

If H satisfies (2), then H is reductive iff [F : F^] is finite. 
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